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ABSTRACT

In this article, an interesting phenomenon has described the geometries and 
vibrational frequency of the stable AuN clusters with N=36, 37, 39 and 40. 
We have found all 4 clusters are having the very same C

1
 point symmetry 

group. For the re-optimization process, the finite-differentiation method has 
been implemented within the Density Functional Tight Binding (DFTB) 
approach. The effects of the range of interatomic forces were calculated 

and the desired set of system Eigen frequencies (3N-6) are obtained by 
diagonalization of the symmetric positive semidefinite Hessian matrix. More 
than anything else, we have observed the vibrational spectra, which occur 
between 0.98 cm-1 and 304.48 cm-1 at ∆E =0. Most significantly, all the 
clusters had come across the double and the triple state degeneracies, which 
are due to the stretching and the bending mode of the vibrations through the 
atoms. Nevertheless, the vibrational spectrum is strongly dependent upon 
size, shape, and structure.
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INTRODUCTION

Nanoclusters have potential uses in chemical reactors, telecommunications, 
microelectronics, optical data storage, catalysts magnetic storage, 

spintronic devices, electroluminescent displays, sensors, biological markers, 
switches, nano-electronics, nano-optics, transducers and many other fields 
[1,2]. Noble metal like Rhodium (Rh), Palladium (Pd), silver (Ag), Platinum 
(Pt), and Gold (Au) is one kind of modish and desired material, according 
to their inherent resistance to oxidation and corrosion even in the moist 
environment [3-5]. Its physical and chemical properties appear to be entirely 
change as the size of metal continuously decreases into nanoscale because 
of the quantum size effect, surface effect, small size effect, and Macroscopic 
Quantum Tunnelling (MQT) effect [6-8].

In general, Noble metal (Cu, Ag, and Au) clusters have attracted 
much attention in scientific and technological fields because of their 
thermodynamic, electronic, optical and catalytic properties in nano-materials 
[9-11]. Especially, gold is a soft metal and is usually alloyed to give it more 
strength as well as a good conductor of heat and electricity, and is unaffected 
by air and most reagents, those are the main reasons to choose among the 
other metal clusters. 

In this study, mainly we focus on the vibrational properties of gold 
atomic clusters with sizes Au

36
, Au

37
, Au

39
 and Au

40
 atoms, because, the 

vibrational properties play a major role in structural stability [12-18]. For 
further assistance for the readers, specifically for the general information 
about global minima gold structures which have been calculated by the 
work of Dong and Springborg can be found in those articles [19, 20]. In 
very short, the structures were found through a so called Genetic Algorithm 
(GA) in combination with Density Functional Tight Binding (DFTB) energy 
calculations and the steepest descent algorithm permitting a local total 
energy minimization. Nevertheless, in our case, we use the numerical finite-
difference method along with the Density Functional Tight Binding (DFTB) 
approach and finally extract the vibrational spectrum from the optimized 
structures [21]. Overall, for a better understanding and to visualize, the 
detailed information is discussed in the results and discussion section.

MATERIALS AND METHODS

Theoretical and computational procedures

At first step, the DFTB is based on the density functional theory of 

Hohenberg and Kohn in the formulation of Kohn and Sham [22-24]. 
In addition, the Kohn-Sham orbitals ( )i rψ of the system of interest are 
expanded in terms of atom-centered basis functions ( ){ }m rϕ ,

( )i rψ

= im m
m

c φ∑

m=j (1)

While so far the variational parameters have been the real-space grid 
representations of the pseudo wave functions, it will now be the set of 
coefficients c

im
. Index m describes the atom, where mφ  is centered and it is 

angular as well as radially dependent. The mφ  is determined by self-consistent 
DFT calculations on isolated atoms using large Slater-type basis sets.

In calculating the orbital energies, we need the Hamilton matrix elements 
and the overlap matrix elements. The above formula gives the secular 
equations

( ) 0mn i mnm imc H S−∈ =∑ (2)

Here, c
im

’s are expansion coefficients, i∈  is for the single-particle energies 
(or where i∈  are the Kohn-Sham eigenvalues of the neutral), and the matrix 
elements of Hamiltonian H

mn
 and the overlap matrix elements S

mn
 are 

defined as

| | ,  |  ˆ
mn m n mn m nH H Sφ φ φ φ= =  (3)

They depend on the atomic positions and on a well-guessed density ( )rρ
. By solving the Kohn-Sham equations in an effective one particle potential, 
the Hamiltonian Ĥ

is defined as

( ) ( ) ( )r  r ,ˆ ˆ ˆ ri i i ffH H T Veψ ψ=∈ = +  (4)

To calculate the Hamiltonian matrix, the effective potential V
eff

 has to be 

approximated. Here, ( )iω  being the kinetic-energy operator 21ˆ(T )
2

=− ∇∑  and
V

eff
(r) being the effective Kohn-Sham potential, which is approximated as a 

simple superposition of the potentials of the neutral atoms,
0

( ) (| |)eff jj j
V r V r R= −∑               (5)

0

jV  is the Kohn-Sham potential of a neutral atom,    j jr r R= − is an atomic 
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cm-1, which is only for the very first 6 NVM that comes even below the scale
of Far Infrared FIR, IR-C 200 cm-1 to 10 cm-1. Secondly, for the 7 NVM to
87 NVM, the frequency ranges occurred between 10.44 cm-1 to 197.79 cm-1,
which comes within the range of Far Infrared FIR, IR-C 200 cm-1 to 10 cm-1.
Thirdly, the rest of the 88 NVM to 105 NVM, is having the maximum high
frequencies, which are ((ω

i
) 201.54 cm-1 to 300.67 cm-1) falling within the

range of Mid Infrared MIR, IR-C 3330 cm-1 to 200 cm-1.

The double and the triple state degeneracy (ω
i
)

[{6.12, 6.48}; {10.44, 10.62}; {17.18, 17.87}; {29.07, 29.95}; {43.18, 43.59} 
and {95.22, 95.98}] in cm-1.

position, and R
j
 being the coordinates of the jth atom. Finally, the short-range 

interactions can be approximated by simple pair potentials, and the total 
energy of the compound of interest relative to that of the isolated atoms is 
then written as,

'' '
1 (| |),
2

occ
tot i jm j jji j mj j j jj

E U R R
≠

∈ − ∈ + −∑ ∑ ∑ ∑ ∑
occ occ

i j mi jB jmj
S∈ ≡ ∈ − ∈∑ ∑ ∑ (6)

Here, the majority of the binding energy (∈
i
) is contained in the difference 

between the single-particle energies ∈
i
 of the system of interest and the

single-particle energies of the isolated atoms (atom index j, orbital index m
j
), 

( )jjU ′ ′−j jR R  is determined as the difference between ∈
B
 and for diatomic

molecules (with ESCF being the total energy from parameter free density 
functional calculations). In the present study, only the 5

d
 and 6

s 
electrons of 

the gold atoms are explicitly included, whereas the rest are treated within a 
frozen-core approximation [22, 24, 25].

Structural re-optimization process 

In our case, we have calculated the numerical first-order derivatives of the 
forces (F

iα, F
jβ) instead of the numerical-second-order derivatives of the 

total energy (E
tot

). In principle, there is no difference, but numerically the 
approach of using the forces is more accurate [21].

( ) ( )
21 1 1

2
tot

j i
si j i j

E
M M d β α

α β α β

 ∂ ∂ ∂
= − + − 

∂ ∂ ∂ ∂  
F F

R R R R   (7)

Here, F is a restoring forces which is acting upon the atoms, ds is a 
differentiation step-size and M represents the atomic mass, for homonuclear 
case. The complete list of these force constants (FCs) is called the Hessian H, 
which is a (3N×3N) matrix. Here, i is the component of (x, y or z) of the force 
on the jth atom, so we get 3N [26].

RESULTS AND DISCUSSION

The optimized structure of the clusters Au36, Au37, Au39 and Au40

We present the vibrational spectrum analysis of the re-optimized Au
36

, Au
37

, 
Au

39
 and Au

40
 clusters, interestingly, all of them are having the very same 

point group symmetry C
1
 at ground state, ∆E= 0. Initially, the structures 

were found through a so-called Genetic Algorithm (GA) in combination 
with Density Functional Tight-Binding (DFTB) energy calculations and 
the steepest descent algorithm permitting a local total energy minimization 
[19]. To sum up, we have accurately predicted the vibrational frequency of 
the clusters, and they are very strongly dependent on the size, structure, 
and shape of the clusters, mainly influenced by the stretching and the 
bending mode vibrations of the atoms that are due to changes on the bond 
length fluctuations for a small step-size ds= ± 0.01 a.u. on the equilibrium 
coordinates [27]. By the way, for the perspective view of the structures, we 
have plotted with two different styles (Space-filling, Polyhedral).

The vibrational frequency (ωi) range of the cluster Au36 at ∆E = 0

Table 1 shows the low (at the least) and the high (at the most) frequency 
range of the cluster Au

36
, which occurs between 4.38 cm-1 and 302.78 cm-1,

and the lowest energy geometrical structural view can be seen in Figure 1. 
Firstly, the cluster has some low frequencies (ω

min
) in between 4.38 cm-1 to

8.34 cm-1, which is only for the very first 4 NVM that comes even below the 
scale of Far Infrared (FIR), IR-C 200 cm-1 to 10 cm-1. Secondly, for the 5 
NVM to 84 NVM, the frequency ranges occurred between 10.02-198.10 cm-1, 
which comes within the range of Far Infrared FIR, IR-C 200cm-1 to 10 cm-1. 
Thirdly, the rest of the 85 NVM to 102 NVM, is having the maximum high 
frequencies, which are ((ω

i
) 200.71 cm-1 to 302.78 cm-1) falling within the

range of Mid Infrared MIR, IR-C 3330 cm-1 to 200 cm-1.

The double state degeneracy (ω
i
)

[{10.02, 10.38}; {17.16, 17.85}; {25.00, 25.64}; {47.10, 47.67}; {177.04, 177.85} 
and {221.29, 221.84}] in cm-1

The triple state degeneracy (ω
i
)

We do not find anything; it is clearly revealed through our spectrum 
calculations that have not occurred. 

The vibrational frequency (ω
i
) range of the cluster Au37 at ∆E=0

Table 2 shows the low (at the least) and the high (at the most) frequency 
range of the cluster Au

37
, which occurs between 4.70 cm-1 and 300.67 cm-1,

and the lowest energy geometrical structural view can be seen in Figure 2. 
Firstly, the cluster has some low frequencies (ω

min
) between 4.70 cm-1 to 9.59

Figure 1) Au
36

 (C
1
); Style (Space-filling [up], Polyhedral [down]): The lowest energy 

geometrical structure of the Au
36

 cluster. Standard orientation of crystal shape at ∆E=0.

Table 1
The normal modes (NVM) and the vibrational frequencies (ωi) 
of Au36 at ∆E=0
NVM 
(3N-6) ωi (cm

−1
)

NVM 
(3N-6) ωi [cm−1]

NVM 
(3N-6) ωi (cm

−1
)

NVM 
(3N-6) ωi (cm

−1
)

1 4.38 30 44.97 59 108.3 88 212.4
2 5.97 31 46.02 60 112.58 89 214.94
3 7.62 32 47.1 61 116.64 90 221.29
4 8.34 33 47.67 62 119.95 91 221.84
5 10.02 34 49.62 63 121.54 92 226.14
6 10.38 35 51.6 64 125.09 93 232.36
7 12.94 36 52.79 65 130.95 94 235.23
8 13.11 37 54.81 66 135.05 95 239.78
9 14.39 38 57.29 67 137.05 96 245.21
10 15.62 39 58.96 68 141.51 97 249.46
11 17.16 40 59.72 69 143.49 98 255.07
12 17.85 41 64.46 70 147.07 99 266.58
13 19.29 42 65.25 71 151.47 100 269.13
14 20.49 43 67.39 72 155.24 101 279.52
15 21.76 44 68.25 73 159.17 102 302.78
16 23.96 45 70.27 74 165.82 103 -
17 25 46 74.38 75 168.54 104 -
18 25.64 47 76.33 76 169.41 105 -
19 27.39 48 78.39 77 177.04 106 -
20 28.49 49 79.86 78 177.85 107 -
21 29 50 81.29 79 181.16 108 -
22 30.13 51 82.99 80 182.49 109 -
23 32.57 52 86.57 81 186.85 110 -
24 33.18 53 88.4 82 194.38 111 -
25 34.85 54 92.48 83 196.94 112 -
26 35.92 55 95.09 84 198.1 113 -
27 37.48 56 98.51 85 200.71 114 -
28 39.36 57 101.53 86 203.73 115 -
29 43.59 58 103.79 87 209.54 116 -
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The triple state degeneracy (ω
i
)

We do not find anything; it is clearly revealed through our spectrum 
calculations that have not occurred. 

The vibrational frequency (ω
i
)

range of the cluster Au
39

 at ∆E=0

Table 3 shows the low (at the least) and the high (at the most) frequency 
range of the cluster Au

39
, which occurs between 0.98 and 304.48 cm-1, and

the lowest energy geometrical structural view can be seen in Figure 3. Firstly, 
the cluster has some low frequencies (ω

min
) between 0.98 cm-1-9.50 cm-1,

which is only for the very first 7 NVM, which comes even below the scale 
of Far Infrared FIR, IR-C 200 cm-1 to 10 cm-1. Secondly, for the 8 NVM to 
94 NVM, the frequency ranges are occurred between 10.38-198.61 cm-1, which 

Figure 2) Au
37

 (C
1
); Style (Space-filling [left], Polyhedral [right]): The lowest energy 

geometrical structure of the Au
37

 cluster. Standard orientation of crystal shape at ∆E=0.

TABLE 2
The Normal modes (NVM) and the vibrational frequencies (ωi) of 
Au37 at ∆E=0

NVM ωi NVM ωi NVM ωi NVM ωi

(3N-6) (cm−1) (3N-6) (cm−1) (3N-6) (cm−1) (3N-6) (cm−1)
1 4.7 30 40.44 59 95.98 88 201.54
2 5.57 31 41.58 60 100.6 89 203.22
3 6.12 32 43.18 61 103.21 90 206.19
4 6.48 33 43.59 62 106.95 91 210.95
5 7.25 34 44.78 63 107.99 92 214.22
6 9.59 35 46.75 64 111.04 93 216.98
7 10.44 36 48.3 65 115.47 94 219.55
8 10.62 37 49.48 66 118.7 95 223.47
9 11.72 38 51.14 67 120.12 96 228.96
10 13.03 39 52.11 68 123.96 97 236.19
11 14.85 40 54.23 69 127.65 98 244.5
12 16.74 41 56.77 70 130.9 99 257.14
13 17.18 42 57.68 71 139.09 100 264.55
14 17.87 43 59.16 72 142.88 101 267.19
15 19.16 44 62.37 73 146.46 102 274.03
16 22.28 45 63.86 74 154.56 103 286.27
17 23.29 46 66.45 75 156.19 104 294.69
18 24.98 47 69 76 159.96 105 300.67
19 26.61 48 70.08 77 163.89 106 -
20 28.5 49 72.15 78 165.34 107 -
21 29.07 50 74.4 79 167.89 108 -
22 29.95 51 78.31 80 172.55 109 -
23 31.5 52 80.63 81 175.83 110 -
24 32.12 53 82.92 82 185.66 111 -
25 33.75 54 83.89 83 186.42 112 -
26 35.74 55 86.4 84 187.35 113 -
27 36.46 56 87.69 85 189.15 114 -
28 37.3 57 91.87 86 196.88 115 -
29 39.96 58 95.22 87 197.79 116 -

Figure 3) Au
39

 (C
1
); Style (Space-filling [left], Polyhedral [right]): The lowest energy 

geometrical structure of the Au
39

 cluster. Standard orientation of crystal shape at ∆E=0

TABLE 3
The Normal Modes (NVM) and the vibrational frequencies (ωi) of 
Au39 at ∆E=0
NVM ωi NVM ωi NVM ωi NVM ωi

(3N-6) (cm−1) (3N-6) (cm−1) (3N-6) (cm−1) (3N-6) (cm−1)
1 0.98 30 35.47 59 88.84 88 178.33
2 2.45 31 36.2 60 90.61 89 184.04
3 3.65 32 38.72 61 93.88 90 188.67
4 6.26 33 39.71 62 94.48 91 189.62
5 7.3 34 41.64 63 98.71 92 191.1
6 8.81 35 42.88 64 101.56 93 195.07
7 9.5 36 43.47 65 103.1 94 198.61
8 10.38 37 44.93 66 104.42 95 202.26
9 11.12 38 46.37 67 107.12 96 206.97
10 12.52 39 48.47 68 108.12 97 209.26
11 12.78 40 49.33 69 113.48 98 212.2
12 13.91 41 49.77 70 117.12 99 218.05
13 14.98 42 51.37 71 122.33 100 222.72
14 16.82 43 53.25 72 125.21 101 225.94
15 18.3 44 53.67 73 126.61 102 226.95
16 18.97 45 56.07 74 132.96 103 229.29
17 20.05 46 56.83 75 135.78 104 232.75
18 20.35 47 58.43 76 138.05 105 241.6
19 22.63 48 60.97 77 139.61 106 248.58
20 22.94 49 61.77 78 143.6 107 254.79
21 23.04 50 63.74 79 147.6 108 259.57
22 25.16 51 66.17 80 148.45 109 269.84
23 25.93 52 67.94 81 155.8 110 279.22
24 27.88 53 70.88 82 157.65 111 304.48
25 28.21 54 73.05 83 163.5 112 -
26 29.16 55 76.56 84 168.95 113 -
27 30.2 56 77.91 85 172.36 114 -
28 32.55 57 82.53 86 173.81 115 -
29 33.49 58 83.5 87 175.25 116 -
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Size and the shape effects

In Table 5, the third column shows the spectral ranges that have been 
influenced with respect to the size of the clusters, the shape of the structures, 
and the arrangement of the atoms (inner core, and the overall outer surface 
of the edges), as well as the short and the long range interactions due to the 
inter-nuclear attraction and the repulsive energies.

CONCLUSION

We are first to present, the vibrational frequencies of bigger-sized clusters 
(Au

36
, Au

37,
 Au

39  
and Au

40
) and the shell-like structure of the re-optimized 

structures, at ∆E=0, by using the numerical finite-differentiation method 
with the DFTB approach. We found the vibrational spectrum, the minimum 
starting, and the maximal end ranges that vary between 0.98 cm-1and 304.48 
cm-1 at ∆E=0. The occupancy of the multiple double and the triple state
degeneracy is revealed on the gold atomic clusters, Au

36
, Au

37
, Au

39
 and

Au
40

. More the double-state degeneracy may depend on the nearest
neighboring atoms, and their interactions, as well as the zig-zag
circumstances of the outermost surface surrounded by them. We are able to
see, a maximum, of 13 total pairs have occurred on the Au

40
 cluster, which is 

very special to the others.

Above all, we have pinpointed the correct location of the spectrum, 
through Far Infrared FIR, IR-C 200 cm-1 to 10 cm-1, and Mid Infrared MIR, 
IR-C 3330 cm-1 to 200 cm-1, and even outside of this range. In addition to 
that, our prediction will help the researchers to develop a range of potential 

comes within the range of Far Infrared FIR, IR-C 200- 10 cm-1. Thirdly, 
for the rest of the 95 NVM to 111 NVM, are having the maximum high 
frequencies, which are ((ω

i
)-202.26 cm-1 to 304.48 cm-1) falling within the

range of Mid Infrared MIR, IR-C 3330 cm-1 to 200 cm-1. 

The double and the triple state degeneracy (ω
i
)

[{12.52, 12.78}; {18.30, 18.97}; {20.05, 20.35}; {22.63, 22.94}; {25.16, 
25.93}; {49.33, 49.77}; {53.25, 53.67} and {56.07 56.83}] in cm-1. 

The triple state degeneracy (ω
i
)

We do not find anything; it is clearly revealed through our spectrum 
calculations that have not occurred. 

The vibrational frequency (ωi) range of the cluster Au40 at ∆E=0

Table 4 shows the low (at the least) and the high (at the most) frequency 
range of the cluster Au

40
, which occurs between 2.55 cm-1 and 282.94 cm-1,

and the lowest energy geometrical structural view can be seen in Figure 4. 
Firstly, the cluster has some low frequencies (ω

min
) between 2.55 cm-1 to 9.39

cm-1, which is only for the very first 6 NVM, which comes even below the
scale of Far Infrared FIR, IR-C 200 cm-1 to 10 cm-1. Secondly, for the 7NVM
to 95 NVM, the frequency ranges are occurred between 10.65 cm-1 to 195.06 
cm-1, which comes within the range of Far Infrared FIR, IR-C 200 cm-1 to 10
cm-1. Thirdly, the rest of the 96 NVM to 114 NVM, are having the maximum 
high frequencies, which are ((ω

i
)-202.65 cm-1 to 282.94 cm-1) falling within

the range of Mid Infrared MIR, IR-C 3330 cm-1 to 200 cm-1.

The double state degeneracy (ω
i
)

[{11.10, 11.98}; {13.19, 13.52}; {18.41, 18.60}; {20.17, 20.92}; {23.34, 23.66}; 
{31.03, 31.58}; {33.57, 33.68}; {38.89, 38.94}; {60.24, 60.67}; {64.16, 64.34}; 
{100.12, 100.89}; {165.21, 165.61} and {192.24, 192.68}] in cm-1.

The triple state degeneracy (ω
i
)

We do not find anything; it is clearly revealed through our spectrum 
calculations that have not occurred. 

Figure 4) Au
40

 (C
1
); Style (Space-filling [left], Polyhedral [right]): The lowest energy 

geometrical structure of the Au
40

 cluster. Standard orientation of crystal shape at ∆E=0

TABLE 4
The Normal modes (NVM) and the vibrational frequencies (ωi) of Au40 at ∆E=0.
NVM ωi NVM ωi NVM ωi NVM ωi

(3N-6) (cm−1) (3N-6) (cm−1) (3N-6) (cm−1) (3N-6) (cm−1)
1 2.55 30 34.85 59 83.68 88 174.29
2 4.14 31 35.97 60 84.14 89 179.75
3 6.12 32 37.67 61 87.77 90 180.67
4 7.81 33 38.89 62 89.33 91 187.99
5 8.54 34 38.94 63 91.82 92 189.46
6 9.39 35 40.42 64 96.66 93 192.24
7 10.65 36 41.04 65 99.94 94 192.68
8 11.1 37 42.64 66 100.12 95 195.06
9 11.98 38 44.83 67 100.89 96 202.65
10 13.19 39 46.41 68 103.57 97 206.41
11 13.52 40 48.61 69 111.14 98 210.63
12 15.13 41 49.33 70 114.92 99 214.72
13 17.71 42 51.04 71 118.04 100 221.2
14 18.41 43 52.27 72 120.91 101 223.58
15 18.6 44 54.05 73 123.88 102 228.32
16 20.17 45 56.5 74 127.89 103 230.08
17 20.92 46 58.92 75 131.06 104 231.76
18 23.34 47 60.24 76 135.96 105 238.29
19 23.66 48 60.67 77 138.51 106 239.02
20 24.19 49 64.16 78 141.84 107 244.35
21 25.6 50 64.34 79 144.78 108 246.71
22 26.58 51 68.97 80 151.84 109 253.61
23 27.46 52 69.76 81 155.03 110 254.71
24 28.47 53 70.81 82 158.68 111 263.59
25 29.86 54 72.22 83 159.92 112 266.41
26 31.03 55 73.45 84 165.21 113 270.79
27 31.58 56 76.78 85 165.61 114 282.94
28 33.57 57 79.49 86 171.11 115 -
29 33.68 58 81.47 87 172.51 116 -

TABLE 5
The double and the triple state degree of degeneracy of the clusters, Au36, Au37, Au39 and Au40 at ∆E = 0. Unfortunately, we do not find 
anything; it is clearly revealed through our spectrum calculations the triple state degree of degeneracy that has not occurred.

Gold 
Nanoclusters 
(AuNCs)

Point 
Groups (PG) 
Symmetry

Spectral 
Range (min 
- to -max) ωi 

[cm-1]

Double (D) & 
Triple (T) State 

Degeneracy 
[DT]{pairs}

Total 
Number of 

Pairs

Total Random Number 
(RN) of Different 

States of Equal Energy 
RN=(D*pairs+T*pairs)

Predicted Spectral Range Only for D, T- 
Degeneracies A: Far Infrared FIR, IR - C 200 - 10 
cm-1 B: Mid Infrared MIR, IR - C 4000 - 200 cm-1 X: 

Lesser than both, A and B
Au36 C1 4.38-302.78 D6 T0 6 12 A, B
Au37 C1 4.70-300.67 D6 T0 6 12 A, X
Au39 C1 0.98-304.48 D8 T0 8 16 A
Au40 C1 2.55-282.94 D13 T0 13 26 A
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applications such as catalysis, biomedicine, imaging, optics, and energy 
conversion.
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