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ABSTRACT

In this present paper we will show you an elementary proof of the Fermat’s

Last Theorem, that is “too large to fit in the margin”, for the general case x"

+ y"=z". First we begin showing you the cases n=2, n=3 and n=4 to
familiarize with the general solution n € N, n > 3.
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INTRODUCTION

Around the year 1637, Pierre de Fermat, a lawyer and an amateur

mathematician, was reading the Diophantus book "Arithmetica” and wrote
in the margin the next words:

"Cubum autem in duos cubos, aut quadratoquadratum in duos
quadratoquadratos et generaliter nullam in infinitum ultra quadratum
potestatem dividere cuius rei
demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non
caperet.”

in duos eiusdem nominis fas est

Its translation is as follows:

"It is impossible to separate a cube into two cubes, or a fourth power into
two fourth powers, or in general, any power higher than the second, into
two like powers. I have discovered a truly marvelous proof of this, which this
margin is too narrow to contain” [1]. Mathematically speaking, it says: There
are no solutions for the diophantine equation x"+y" = z" with x, y, z, n € N
and n > 3, except the trivial solutions x=0, y=0 and z=0.

For centuries that proposition was challenging for the mathematicians and
there is a lot of literature about its development. We suggest the reading of
Paulo Ribemboim [2]. On the year 1995, Andrew John Wiles became to the
proof of the Fermat’s last theorem with modular elliptic curves theory and
solving the Taniyama-Shimura-Weil conjecture [3]. He was awarded with the

Abel Prize in 2016 and the Copley Medal in 2017.

In the dawn of October 8 in 2023 we was thinking, relaxed at the moment
of almost sleeping, about how to solve the problem of Fermat’s last theorem
in an elementary way. Trying an easy reconfiguration of the equation
x2+y?=z2, we became to the solution of the case n=2. In the next afternoon
we proceeded to write the proof and calculate its correctness. Later on
October 9 of 2023 we discovered the cases n=3, x>+y> # 23 and n=4, x*+y* =
24 by the same way. Later on October 9 of 2023 we arrived to the sketch of
the general case x2+y™ # 2% n € N, n > 3. We show you the results for your
enjoyment [4-5].

DESCRIPTION

Proof of the case N=2, X?+Y?=7? and Pythagorean
triplets

Theorem 1
Letbex,y,z € Z,x#0,y=0,z=0,2>x, 2>y.

layl=g?

We can make every primitive Pythagorean triplet, (x, y, z), as follows if k=1,
2,3...and c=1, 2, 3...

y=2c(c+ 1)k

T =/ 2ky + k?

r=y+k

ifk=1,2,3...andc=1, 2, 3..
y=2c(c—1)k
€I =y ?JL."j‘; + k2

r=y+k

the multiples of the Pythagorean triplets can be made only by multiplying
the three numbers (mx,my,mz).

Proof: We begin with the proposed equation to test its validity
syt

let us rewrite this as

xP=zl—yl=(z—y)(z+y)

Setting z=y+k, k=1, 2, 3..., z >y, we have

a 9

r =2z

—v*=(2—y)(z +y) = k(2y + k) = 2ky + k*

22 — k* = 2ky
i -
w Y
(z—Fk)(z+k)
2% —Y
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Case 1: To find the value of k, we use the above equation

(z—K)z+k)
2%k — Y

Setting x—k=2ck, c=1, 2, 3..., we have x=(2c+1)k Substituting x=(2c+1)k in
the above equation we have

(x—k)z+k) 2ck((2¢+1)k+k)
2k o 2k

2e(c+ 1)k =y

y is a whole number because the left side is a whole number.
y
N
2c(c+ 1)

k is a whole number because we can choose y being a multiple of 2c(c+1).

Case 2: Coming back with the above equation, to find the value of k

(x—k)(x+k)
2k =Y

Setting x+k=2ck, c=1, 2, 3..., we have x=(2c—1)k. Substituting x=(2c—1)k in
the above equation we have

(x—k)(z+k) _ ((2¢— Dk — k)2ck
2k B 2k

2e(c—1)k =y

y is a whole number because the left side is a natural number.

Y

k= 2c(c— 1)

k is a whole number because we can choose y being a multiple of 2c(c—1).

Conclusion: As the proposed equation depends on k being a whole
number, remember that z=y+k and k is in fact a whole number that we can
conveniently choose, we conclude that

layl=g?

Addendum: We can make every primitive Pythagorean triplet, (x, y, z), as
follows if k=, 2, 3... and c=1, 2, 3...

y=2(c+ 1)k
r=/2ky+ k2
z=y+k

ifk=1,2,3...and c=1, 2, 3...
y=2clc—1)k
v = I TR

r=y+k

The multiples of the Pythagorean triplets can be made only by multiplying
the three numbers (mx,my,mz).

Quod Erat Demonstrandum (QED)

Proof of the case n=3, x3 + y3 ~ 23

Theorem 2:

Letbex,y,z€Z,x=0,y#0,z#0,z2>x,z>y.

iy =

Proof: We begin with the proposed equation to test its validity

Bryd=rd

Let us rewrite this as

= —=(ey)2yy?)

Setting z=y+k, k=1, 2, 3... , 2>y, we have

=23 y3=(ay) P2y +y?) =k By + 3ky +kD)=3ky?+3kAy+k

X—13=3ky?+3k%y
-k o

% VT ky

(z—k)(z® + zk + k?)

2
=y + ki1
3k o

Case 1: To find the value of k, we use the above equation

(x — k)(z? + zk + k2)
3k

=y +ky

Setting x—k=3ck, c=1, 2, 3... , we have x=(3c+1)k. Substituting x=(3c+1)k in
the above equation we have
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(z—k)(2® +ak+ k) 3ck(R2(9e +6c+ 1) + k2(3e +1) +£7)
3k - 3k

k206 + 02 + 3¢) =y + ky

V® +ky
Vet +9¢2 + 3¢

k is not a whole number because the numerator is not a multiple of the
denominator, remember that z=y+k.

Case 2: Coming back with the above equation, to find the value of k

(x — k)(2* + zk + k?)
3k

=y + ky

Setting x2+xk+k?=3ck, c=1, 2, 3... , we have

3ck — k2
 x+k
Substituting
o 3ek—k?
- r+k

in the above equation we have

3ck — k2

= r+k

k is not a whole number because the numerator is not a multiple of the
denominator, remember that z=y + k.

Conclusion: As the proposed equation depends on k being a whole
number, remember that z=y+k, and k is not a whole number, we conclude
that

Wy

Quod Erat Demonstrandum (QED).

Proof of the case n=4, x*+y* = 74

Theorem 3: Letbex,y,z€ Z,x#0,y#0,2#0,z2>x,2>y.

by = 74

Proof: We begin with the proposed equation to test its validity

syt

Let us rewrite this as

x4=z4—y4=(z—y)(23+zzy+zyz+y3)

Setting z=y+k, k=1, 2, 3..., 2>y, we have

xt=ztyteay) (@ +2lyraytey))=k(dy +bky P+ 4y ) =4kyd + Ok Py 41y ket
x4—k4=4ky3+6kzyz+ 4k3y
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(- )2+ ok + k) (A k) 3ck
3k B ak

& 32 —cx _ ek
x+k )7 Y

(k) + k)
N 3l — ex

k

(Rt ky)

K c(de—1)

Case 1: To find the value of k, we use the above equation

.1“ - JEL‘l -'; 3 q oy
— By STPEE e
T Y+ kv + kY
(z — k) (2® + 2%k + ak? + &)
4k

s 3 o .
=’ + 5k’ + Ky

Setting x—k=4ck, c=1, 2, 3..., we have x=(4c+1)k. Substituting x=(4c+1)k in
the above equation we have
(z — k)(2® + 2%k + zk? + &%)
4k

5 3. c
=y’ + Sky + Ky

(- B 4o ol 4K Aoh(i(64c’ + 487 + 1204 1) +1(166 4 804 1)+ Fldet 1) + )
4 B 4

k is not a whole number because the numerator is not a multiple of the
denominator, remember that z=y+k.

Case 2: Coming back with the above equation, to find the value of k

— k¥ (B4e? + 64c + 24¢? + 4¢)

2, .- 3
E3(64c? + 64¢ + 246 +40) = o + Ekyi + K2y

v+ S + k2

© Y6act 1 643 + 242 | 4

k is not a whole number because the numerator is not a multiple of the
denominator, remember that z=y+k.

Conclusion: As the proposed equation depends on k being a whole
number, remember that z=y+k, and k is not a whole number, we conclude
that

syt 2 74
Quod Erat Demonstrandum (QED).
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Proof of the general case x"+y™ # z
Theorem 4:
Letbex,y,z € Z,x#0,y*0,z#0, z2>x, 22y, n € N, n > 3.
Xy % g0
Proof: We begin with the proposed equation to test its validity
X+yh=
Let us rewrite this as
(z — k)(2® + 2%k + 2k° + &%)

4k
Setting 2 + 22k + ok + k¥ = 4ek, ¢ =1,2,3... , we have

g 3, 9
=+ Ekyl + %y

Ak
T2 tak+ k2

-
@—RE + 22k + a2+ 8 (m s *k) dck 7ack — 2k8 — 22k — 2K
4k a 4k a 22 + ok + k2

4c? — ea® — ckx — 2ek? 3,3 5 5
:k(w):y +ohr+Ey
@k + )+ Fhy+ Ry

4c2 — c2? — ckx — 2ck?

@k + R+ Sku+ k%)
n c(dc — 22 — kx — 2k%)

Setting z=y+k, k=1, 2, 3...,

z >y, we have

l—

1
_ {2. . -y] Z 2.n—1y1

i=0

We can rearrange the sums, in order to simplify the double sum into only

one sum of variables

n—1

n—1
— yn =(2— y)zpn Iyl _ kZly + k)n—l—iyi
i=0

i=0

n-1 fn-1-i 1—i n—1 (n-1-i 1-
In=kz Z (?1—-—1-)2.1”_1_%_”‘3 —k (]l— ) n—l—ij
=0\ 1 i=0 | j=0

SR

J

in the next way:

Setting i=0
n—1 fn—1-

Z ! n—1—i
J

i=0 g=0

yn—l—jkj+l

Setting i=1

n—1\ . 4 n—1\ , 9.9 n—1\ , 3.4 n—1 " n—1\ .
(O)y A+(l)y k= + 9 )Y [ S n_,zyk +n.—1k

+

Setting i=n-2

[l e

Setting i=n-1

N A
k()i
o) (e

Summing by columns we have

o e— 1 g.
(D)y ke,

Returning to the main relations we have

1

R o1 o1
AT R n- i n-272 AT n-31.3
k k k
;_0( ) )y +1r§—u( | )y +Y ( ) )y +

i=0

0 .

n—1-i n—1-1
i k
+Z( n—2 )y +§(n—l )

Now we can rearrange taking one element of the sum from the above

formula
=ﬂ_ nzl:’i(nflijn 1-7pi+1 =ﬂ_l(

i: 7= o
n—1 J n—1—1i —
~0 (Z;(”_l_j))yjk J

J i

Il
=]
-

Case 1: To find the value of k, we use the above equation

ﬂii Zj: n—1—1i

" " —

g=1 \i=0 n—1- J
Y ()
nk ; n

Setting x—k=cnk, c=1, 2, 3... , we have x=(cn+1)k. Substituting x=(cn+1)k in

the above equation we have

o fn B (z — R)E;—:lo :l:n_l_mkm n—1 ( :_1_3
nk nk

=1
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k is not a whole number because the numerator is not a multiple of the
denominator, remember that z=y+k.

Case 2: Coming back with the above equation, to find the value of k

" — k" B “ _ k‘) 2:;10 pn—l-mpm

nk nk

e+ DE—R) 30 ((n+l)“ L=mpn—l-mpm rnLT”’o en + 1)nl-mpn-l-mpm

Lim=| L=

- nk nk

n—1
— o1 ZWH pn-t-m

m=0

n—1 n—1 n—1— a)

(*k"_] Z[”Lf 1) n—1-m Z (—A =0 \n-1-j ) j_,‘_,i_jq
m=0 j=1

"'\l«’Z?:’f ( ):Wk“’f"

V E:‘n_l{]r(m +1)n-1-

k=

n

. - - j 7171
P (z— k]?:,_l{] gn—l-mpm (._‘z —0 )) Gom il
_ 2im= ik
nk nk Z

Setting 374 @™ Mg — enk, ¢ = 1,2,3... , we have

enk — k™1
T‘;n i gn—2-mfm

(.T—K)T‘n |.!n 1- mAm_

Lam= —

nk nk

enk — kn—l _ Lvn—? J.n—Q—mkm
- n
Em_{] pn—2—mpm
(.‘)_nk k™ 1_ (kTJ:{ OJH —m fm
- yn-2 T 9—m f.m

Z£m=0
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k is not a whole number because the numerator is not a multiple of the
denominator, remember that z=y+k.

CONCLUSION

As the proposed equation depends on k being a whole number, remember
that z = y +k, and k is not a whole number, we conclude that

Xn+yn # Zn
ifn>3.
Quod Erat Demonstrandum (QED).
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