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ABSTRACT
Fermat’s last theorem was proposed by the 17" century French
mathematician Pierre de Fermat. He asserted that when the integer

n>2, there was no positive solution for the equation.

However, Fermat did not write down his proof, while his other
conjectures contributed greatly to mathematics. Therefore, it
inspired many mathematicians’ interest in this conjecture. Their
corresponding work enriched number theory and promoted its
development.

In 1995, Wiles proved that the theorem was valid when n>2.
However, his process of proof is tediously long. It is said that only
a few world-class masters can understand it, which is confusing.

A perfect cuboid, also known as a perfect box, refers to a cuboid
whose edge lengths, diagonals of faces, and body diagonals are all

integers. The mathematician Euler once speculated that a perfect

rectangle might not exist. No one has been able to prove that it does not
exist. What's a Hellen triangle? A Hellen triangle is a triangle whose sides
and areas are rational numbers.

For thousands of years, triangles and their geometric properties have
been studied intensively and thoroughly. With the understanding of Hellen
triangles, people have found Hellen triangles with three integer heights
and with three integer angle bisectors. However, Hellen triangles with
three integer midlines have yet to be found.

After several years of research, the author discovered that the above
three problems had commonalities and could be demonstrated using
the same method. The same algebraic structure is the key to solving these

three problems, such as:

30 2 3 2
The equations y=X +ax +bx+cand y=(x+3) +a(x+3) +b(x+3)+c are

algebraically isomorphic. These two equations represent the same curve and
are essentially indistinguishable. The above three problems can be solved with
this property easily and concisely.

Keywords:  Fermat’s last theorem; Perfect rectangles; Hellen triangles; Rational

number solutions; Algebraic isomorphism

INTRODUCTION

f the solution sets of two equations (groups) have the same
algebraic operation structure based on the equations (groups), the
two equations (groups) are called isomorphic equations (groups), and

their solution sets are equivalent.

Proof 1 of Fermat’s last theorem

. +
Fermat’s last theorem: Given x,y,zeR ,neN, when »n>3, the

. noonon . .
equation x +y =z has no rational solution.

Proofing: From the equation, it can be obtained:

n

(/2) " +(vz) =1

Leta=x/z, b =y/z,then Equation (1) is transformed into

@)

. n n n .
When n >3, suppose the equation x +y =2z has rational

solutions, then Equation (2) must also have rational solutions {a, 5} ,

. o s . n n
and any equation that is isomorphic to ()" + ()" = 1 must also have
rational solutions. Otherwise, it conflicts with the supposition that
Equation (2) has rational solutions. Let 45 = pr, it is easy to know

that when a and b are both rational numbers,

M must be a rational. Solve Equation (2), and it can be obtained:

1+41-4M"

2
1-\1-4M"
2

n

n (without loss of generality, always let a>b )

b=

Research Scholar, JinPing District, Shantou City, JinPin Districh, China

Correspondence: Liu Lushi, Research Scholar, JinPing District, Shantou City, JinPin Districh, China, email 443244514@qq.com

Received: Mar 13, 2023, Manuscript No. puljpam-23-6320, Editor Assigne

d: Mar 14, 2023, PreQC No. puljpam-23-6320 (PQ), Reviewed: Mar 16, 2023, QC

No. puljpam-23-6320 (Q), Revised: Mar 17, 2023, Manuscript No puljpam-23-6320 (R), Published: Mar 31, 2023, DOI:-10.37532,/2752-8081.23.7(2).112-115.

OPEN a ACCESS

J Pure Appl Math Vol 7 No 2 March 2023

This open-access article is distributed under the terms of the Creative Commons Attribution Non-Commercial License (CC BY-NC)
(http://creativecommons.org/licenses/by-nc/4.0/), which permits reuse, distribution and reproduction of the article, provided that
the original work is properly cited and the reuse is restricted to noncommercial purposes. For commercial reuse, contact
reprints@pulsus.com

112


UGT0377
Typewritten Text

UGT0377
Typewritten Text

UGT0377
Typewritten Text

UGT0377
Typewritten Text

UGT0377
Typewritten Text
    


Lushi

If (1-4M")= 0, then 1=42 a=42 b, which is impossible when n > 3.

Therefore (1-4M")> 0, and (1-4M") must be the square of a

rational number. Otherwise, a and b are always irrational numbers,

which also conflict with the supposition. Then let «¢1—4M” =" (3)

(Any positive rational number can be written as the n™ power of
a positive number).

From equation (3), it can be obtained:

@) @2 ()
Since equation (4) is isomorphic to ()" +( )" =L there must be

rational number sets
1€y, RRPM), 3 ~tay, by} 6)

To make equation (4) have rational solutions when 7 > 3. However,

when n >3, and a and b are both rational number, the (c¢?) of

equation (4) traverses all rational number sets {a o b then there

always exists ({’/2—2M) not belonging to {b which means that

0: b
equation (4) does not have rational solution sets isomorphic to
equation (2). It conflicts with the supposition that equation (2) has

rational solutions (Figure 1).

. A on o )
Therefore, when n >3, the equation x +y =z has no rational

solution.
QED.
a'+b'=1
A ~

When n is greater than 3,

replaceable Ifaand bare both rational numbers,

It is not replaceable on n-th expansion

(&) +( {2 M)"=1

(Because the algebra is isomorphic, it's replaceable)

Figure 1) Graphic Solution

Proof 2 of Fermat’s last theorem

. +
Fermat’s last theorem: Given x,y,zeR ,neN, when n>3, the

. n n n . .
equation x +y =z has no rational solution.

Proofing: From the equation, it can be obtained:

(/)" +(v2) =1 (1)
Leta=x/z, b=y/z,then Equation (1) is transformed into

n n

a +b =1 2)

. n n n .
When n >3, suppose the equation x +y =z has rational

solutions, then Equation (2) must also have rational solutions {a, b} ,

n n
and any equation that is isomorphic to (" +()" = must also have
rational solutions. Otherwise, it conflicts with the supposition that
Equation (2) has rational solutions. Let ab = M , it is easy to know
that when a and b are both rational numbers,
M must be a rational number. Square the two sides of equation (2),

and it can be obtained:
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2n n_n 2n
a +2ab +b =1
a*" = 24" +b*" =1-22a"b" 3)

(a" =" =122 "
Extract roots of the two sides of equation (3) simultaneously, and it

can be obtained:

d"-b"=\I=2a (a =b)

Thatis, a" =b" +\1-22a"s"  (a 2b) 4

b —d" :m (a £b)

b =d" -2 (a <b) (5)
If (1—22 a"'b")=0, then 1=42a=42b , which is impossible when # > 3

Therfore (1—22 a"p")>0, and (1—22 4"p") must be the square of a
rational number. Otherwise, a and b are always irrational numbers,
which also conflict with the supposition. Then let

22— ©)
(Any positive rational number can be written as the n-th power of a
positive number).

From Equation (6), it can be obtained:
@'+ @22an" =1 @
Since Equation (7) is isomorphic to there must be rational number

sets

{(cz)Qt (n}22 ab)Qi} ~ {aQ b J

To make Equation (7) have rational solutions when »n > 3. However,
2
when n >3, and a and b are both rational numbers, the (C™) of

Equation (7) traverses all rational number sets {aw} sthen there

always exists (” 22ab) not belonging to by, }s which means that

equation (7) does not have rational solution sets isomorphic to
equation (2). It conflicts with the supposition that equation (2) has

rational solutions (Figure 2).

. non on .
Therefore, whenever n > 3, the equation x +y =z has no rational

solution.

QED.

a"+b'=1
A A

| \ When nis greater than 3,
snlavashiied \
replaccat “’\ \ Ifaandbareboth rational numbers.
\
/
| | Itis not replaceable on n-th expansion
J 1

v v

n
(C_)”"'( \:/2 ab)n:]
(Because the algebra is isomorphic, it's replaceable)

Figure 2) Graphic Solution
Proof 3 of Fermat’s last theorem
Fermat’s last theorem: Given x,y,ze R ,neN, when n>3, the

. n n n . .
equation x +y =z has no rational solution.
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Proofing: From the equation, it can be obtained:

n

(x/z)” +(y/z) =1 (1)
Leta=x/z, b=y/z,then Equation (1) is transformed into

n n

a +b =1 2)

. n n n .
When n >3, suppose the equation x +y =z has rational

solutions, then Equation (2) must also have rational solutions {a, b},

n n
and any equation that is isomorphic to ( ) + ( ) =1 must also have

rational solutions. Otherwise, it conflicts with the supposition that
Equation (2) has rational solutions.

Suppose the following equation group 1 is tenable.

1. { @bl (34)

a—p" ="

(Any positive rational number can be written as the n™ power of a
positive number)

From equation group 1, it can be obtained:

2. {211’ =1+¢ (56)
26" =1-c"
Multiply equation (5) and (6), it can be obtained:
2 2
That is,
@) {2 an)’ =1 )
Since equation (7) is isomorphic to, there must be rational number
set
1€ )g, s K27 ab)y s ~tay, 1ulby, } ®)

To make equation (7) have rational solution when » > 3. However,

2
when » > 3, aand b are both rational numbers, the (¢ ) of equation
(7) traverses all rational number sets {a ou b then there always exists

(QIZ;Zab) not belonging to g, s which means that equation (7) does

not have rational solution sets isomorphic to equation (2). It conflicts

with the supposition that equation (2) has rational solutions (Figure 3).

A on o
Therefore, when n > 3, the equation x +y =z has no rational

solution.
QED.
n n
a'+b'=1
A "
| |\ Whennisgreater than 3,
rep lSC!BblA‘.:' ! Ifaand bare both rational numbers,

| Iris not replaceable on n-th expansion
v —
FAR 2 n
(e")"+( V2 ab)"=1

(Because the algebra is isemorphic, it's replaceable)
Figure 3) Graphic Solution
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Application of the radical method

There is no Perfect cuboid

Euler great theorem: Given that Equation Group 1 is tenable, where

i
a,b,c,d, 11,1, e R When 1,1, and I, are all rational numbers,

Equation (4) has no rational solution.

a? b2 =1}
v2+?=3
222
2_2

(1-4)

+a

a2 -*—b2 +c

Proofing: Suppose that Equation (4) has rational solutions when
I,,1,and [, are all rational numbers. From Equation Group 1, it can

be obtained:
I +1§ +/32 — (B’ (5)

Multiply the two of Equation (5) by (abc)?, it can be obtained:
2 2 2 2
(Labe)” +(1, abe)” +(l abe)” =(N2 abed) (6)

Multiply the two sides of Equation (4) by (/,/,/, )2 ,it can be obtained:

2 2 2 2
Uyl a) + (L b) +(L L1 ) =Ll d) )

Since Equation (4) has rational solutions when 1,1 and I, are all
rational numbers, Equation (7) must also have rational solutions.

Then any equation that is isomorphic to ( )2 +( )2 +( )2 =( )2

must also have rational solutions. Otherwise, it conflicts with the
supposition that Equation (7) has rational solutions.

Because Equation (6) is isomorphic to Equation (7), there must exist
rational sets:

{ (llabc)Q+ ,(lzabc)Q+ ,(l3abc)Q+(«/§abcd)Q+} ~

{(111213 D04 (hh30) g, (haly g, (il D +JL

However, the { (llabc),(lzabc),(l3abc)} of Equation (6) traverse all
rational number set {(111213 A hlalsb) o (30 +} , then there

always exists {(\ﬁabcd)} not belonging to {(111213 d)Q+} , which means
that Equation (6) does not have rational solutions.
Therefore, Equation (4) has no rational solutions when 1.1, and I

are all rational numbers.
It can be deduced form above that there is no Perfect cuboid
(Figure 4).

(Ll @)+ (L L) (L1 e)=(L 1L d)’

A ’ A IS
Graphic Solution: | replaceable | Whena, b,c,d,!,,I, and I, are
replaceable | | all rational numbers, it cannot
| | be permuted on the quadratic
replacFable | | extension field.
A4 v v v

(1,abc) +(I:abc]3+(l,abc)‘:(-f2 abed)’

(Because the algebra is isomorphic, it's replaceable)

Figure 4) Graphic Solution 114
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There is no such thing as a Hellen triangle with all three midlines
being integers
Hellen great theorem: Given that equation group 1. Is tenable, where

N
ab,c,m ,m ,m .SeR . When nq ,m, and m_ are rational numbers
a

simultaneously, Equation (4) has no rational solution.

22m2 +a?=2b%+2¢?
2 n2 2 2 2
1. 2 mb+b =2a“+2¢ 1’4
22m? +c? =2a +2b? (14)
2*8% + (@ +c?-b?)?=2%a%c?
Proofing: Suppose that equation (4) has rational solution when
m_,m m
@ and  © are rational numbers simultaneously. It can be
obtained from equation group 1.
2 2 2 2 2.2 2 2 2
378 +(m +m —m ) =2 mm. (5)
Itiply th id i by 8m.m'm’ then it can b
Multiply the two sides of equation (4) by S"m_m m_, then it can be
obtained:
4 2 2 2 2 2 22 2 2 22
(2Sm,mm.) +[@a +c —b )Sm_m m_ ] = (2acSm m m_) (6)
2444
Multiply the two sides of equation (5) by S"a b ¢ , then it can be
obtained:
4 2 2 2 2.2 22 2222
({3 sabc) +[(m, +m -m)Sabc ] =(2mmSabc) @)
m_,m

a b

Because equation (4) has rational solution when and

m
4
are rational numbers simultaneously, there must exist rational

solution sets

2 2 2 2 2 2 2 2 2
{@Smym m).[(a +c —b )Sm,m m_].(2acSm,m m_)} to make
equation (6) have rational solutions. Otherwise, it conflicts with the
supposition that equation (6) has rational solutions.

Since equation (7)is isomorphic to ()4 +( )2 =( )2 must also have

rational solutions. Then any equation that is isomorphic to
4 2 2 . . .
() +() =(), there must exist rational solution sets
,\/_ b 2 2 2 ZbZ 2 2b2 2
{(¥3 Sal C)Q+,[(ma +m,-m)Sabc ]Q+,(2mamcSa c )Q+}
2 2 2 2 2 2 2 2 2
~{(2Smamb [(a +c -b )Sma m,m. ] (2acSma m, m, )Q+}

Mg, o

To make Equation (7) have rational solutions. However, the
{ [(maermc2 —mbz)Sazbzcz},(2mamCSa2b2c2 )} of Equation (7) traverse
all rational number set

{[(azwz—bz)Smazmbzmcz]Q ,(ZacSmazmbzmcz)w}. then there always

exist (\ﬁSabc) not belonging to  {(2Sm m m_ )ou s which means

that equation (7) does not have rational solution sets isomorphic to
equation (6). It comflicts with the supposition that equation (6) has

rational solutions (Figure 5).
Therefore, equation (4) has no rational solution when m,,m, and

M. are rational numbers simultaneously.

As can be seen from the above, there is no Hellen triangle with all

three midlines being integers.
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(28mmm.) (@ + b Sm . m)m = 2acSm, ' m'm.)
4 A

iy
Whena, b,c, m,,m, and m, are |I II'. rcpl'acr:ablc
all rational numbers, it cannon I I'-I

) 1 \

| replaceable
extension field. | 1;v'- I".

v v v
(/3 Sabc)'+[(m Yem-m)Sab e =(2mm Sa’b'c’)’

(Because the algebra is isomorphic, it's replaceable)

be permuted on the fonrth

a

Figure 5) Graphic Solution
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