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ABSTRACT

We introduce a toy model for VIX futures dynamics using the
Shifted-Lognormal Model (SLM) that does an excellent job of
fitting VIX option prices with only two parameters. Then using
the results of Roger Lee, who studied SLM models in detail,
we propose a way to extrapolate VIX volatility surface
which by construction is arbitrage free. Then, we derive

analytical formula for forward variance in this model and relate

risks of VIX volatility surface with that of SPX volatility surface by
matching forward variance swaps results from both markets. This
allows one to relate risk parameters between VIX and SPX
volatility surface, namely we derive a nonlinear equation that relates
VIX skew and SPX skew. This can be used for cross market hedging,

arbitrage and enhanced risk monitoring.
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INTRODUCTION

he market participants are familiar that Shifted-Lognormal

Model (SLM) does a reasonably good job fitting the VIX option

skew. We model each VIX future as a shifted log-normal process
and by approximating variance swap to first order, we relate VIX
volatility surface with that of SPX. Specifically, we show using the
results of how changes in the VIX options skew impacts SPX options
skew and vice versa [1]. This should be helpful as a toy model for risk
management and to screen for any outsized mis-pricings between the
SPX and VIX options markets.

In Lee gave upper limits of equity volatility for extreme log strikes [2].

2|k
Namely, he has shown that o < # where k is log-moneyness. In
. . 2lk|
fact, variance swap markets are well matched if one takes o0 - and

most implied vol surface models extrapolate in this way such as the
well-known SVI [2]. Similarly, using the results of the same author as,
we can extrapolate how VIX volatility curve behaves for extreme log
strikes in VIX in the SLM model [3]. This gives intuitive result that
the probability of VIX being below certain extreme low value is zero
which is defined by the floor parameter. For example, VIX spot has
never closed below 9 according to Bloomberg data at least from year
1990, the earliest data is available.

Shifted-Lognormal Model (SLM)

In this section, we introduce the SLM model and review main results
of relevant for our discussion. SLM model is simply the Black-Scholes
model shifted by a constant parameter we call Vi, which has natural
interpretation as the VIX floor. The SLM stochastic process is given

by

dV, = &0, =V, )aW, M

m

Where d, is Brownian motion. Taking ¥ —0, one recovers the

standard Black-Scholes model, which has a flat vol surface by
definition. Taking Vi to be positive makes the distribution shift to
the right and the vol surface becomes positively skewed relative to
Black-Scholes model in line with what is observed in the VIX options

market. By defining Vt':(V! -7, one readily obtains the Black-

Scholes formula for calls and puts for a given strike K and expiry T.
We ignore interest rates for simplicity in this paper but can be easily
incorporated as an overall discount factor.

call =N(d,) V, - N(d,)K

put=N(-d,)K - N(-d) V.

1 v, ¢
&, =7 Un(G) + 5 1)
d,=d, —&T

Here, ¢ is the vol of vol parameter and V: is the VIX future price at
time t with expiry T. Figure 1 shows how this model does a good job
of matching VIX options volatility surface for a given expiry (typically
referred to as volatility slice or curve)
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Jun'24VIX Vol Curve as of 4/18/24 2:30pm EST
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Figure 1) & =335, 7 =138

Lee has done extensive work analyzing this model. For near limit, Lee
has shown following Black-Scholes volatility formula in terms of &
and Vi as a function of strike [1].

Ek

o(k)=—r7% )
In -0
1-6

v, k
Where we define 6 = V1 and & =Iny. For small values of k,
t t

Taylor expansion leads to

k 0 2-6
a(k)—Ti—gj:§(1—0)+§2k—§919k2 + 3)
In
1-0

Taking the coefficients in the expansion, one has following
descriptions of VIX vol surface near at the money

atmvol=&(1 — 6) (level)
skew = 5—20 (slope) 4)
smile= 50% (curvature)

For extreme strikes, we have following results

lim o = ¢
k—x
lim 0 =0
k—=Vy,

Unlike equity vol surface, VIX volatility is bounded by vol of vol and
is concave which is what is indeed observed in the VIX options
market. Furthermore, any strike below the floor is worthless
consistent with VIX options market where strikes below 10 are rarely
quoted, whereas SPX strikes are regularly quoted up to $200 strike
(less than 5% of current SPX spot price).

Strike extrapolation of VIX volatility surface

We have shown that VIX options curve behaves differently from that
of equity options. In equities, implied volatility are extrapolated for
extreme strikes as below

2

2
o ~In£
£

Where K isstrike and F¢ is the future pri ce. Ext rapolating at the
upper limit given by matches the OTC variance swap market closely.
However as seen above, VIX curve scales concave with log moneyness.
In order to extrapolate strikes beyond listed strikes, we take the final
2 quoted strikes (or the last 2 liquid strikes) and solve for & and 6 to
match the mid implied volatility levels at those strikes for both
otm puts and otm calls separately. For example;

Dividing leads to

kYo"
k
Ji-o -0
In =In
1-6 1-0

k o
Where k'= k—l and o' = a—]. Once we solve for 6 above (using
2 2

Newton’s method for example), one can solve for vol of vol as

% I ek1*9
€= ky " 1-6

We can then extrapolate the VIX curve using these matched
parameters.

In Figure 2, we show an example of extrapolated VIX vol curve.
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Figure 2) Extrapolated Jun’24 VIX vol curve as of 4/18/2024 2:30
pm

Forward variance and relation to SPX options
It is well known that SPX variance swap can be decomposed as

1
integral sum of puts and calls with K weights [4].

var iance == J’F"i m(K)dK+Jmicall(K)dK
T 2? R K>

Where Fo is the forward price. It is also possible to do similar
calculation using VIX options to get the forward variance.

fwd var iance = 2_[0 call(K)dK
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Here the calls are for VIX. However, in the SLM model, we can
derive an analytical formula for the forward variance. Note that for
VIX future V; with expiry T one has-

2
E,[V, 1= fiwd var (T.T + 30days)
Using Ito’s lemma and taking the expected value leads to

'2 2. " '2
v =&V drv2v aw,
2 2 2
dE[V, 1=¢ E[V, Jdt

. . . L .. 2 2
Now integrating the above with initial condition E [V ]=7 one

obtains

def
Replacing Et[VTZ] with fv, = fid var derived from the SPX

options market yields following equation

2
fr -V = ) @ - 6)

Solving for the VIX future V¢, one has in the absence of arbitrage
between the two markets,

v 2, a(t)+[41,2a> (D)—4(+a()F2a(0)- fi,)

‘ 2(1+a(1) ©)

2
Where a(t) =¢ " _1. This formula relates the SPX options market

(fve) to the VIX options market and acts as a toy model unifying the
two markets.

Next, we derive explicit relationship between the two markets using
approximation for SPX variance swap expanding in log moneyness
SPX skew. It is shown in that to the leading order [4].

S, :ﬁzolt2 (1 +3b2)

Where we used the fact that SPX implied volatility surface can be
parameterized as

b K
7(K) = atmvol(T)-%—Wln [Fj

> atmvol® (T+AT)(T+AT )—atmvol*(T)T
Jfvol, = AT
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AT is 30 calendar days as it is for VIX. Here we denote Black-Scholes
implied volatility of SPX option as T to distinguish from implied
volatility of VIX options, and b is known as log moneyness skew for
SPX. Market participants are aware that b is about constant across
maturity and ranges between —0.2 to —0.3 in normal times. Plugging
this approximation in equation (5), one has

2
ﬁ)oltz (1+3b7) = Vf+(V - Vm)z(f’ -1 (7)

t

In practice, Vi is a slow-moving parameter relative to &. Finally using
at the money results of equation (4) for VIX skew, one obtains the
main result of this paper

25t
2

P
! (et
b = 3ol V2=V, e - frol} @®)

where s is VIX options moneyness skew. This formula shows how
VIX skew and SPX skew are related. In figure 3 we plot s(VIX skew)
as a function of s(SPX skew) and see the relationship is close to linear.
Intuitively, more negative SPX skew leads to steeper VIX skew for
calls. We leave empirical study of this relationship for future work

(Figure 3).
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Figure 3) v = 11,7, =15, frol = 13,1 = 1
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