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ABSTRACT

The Collatz Conjecture remains an unsolved problem in number
theory, which posits that iteratively applying a simple function to
any starting odd number will eventually lead to the number 1. In
this paper, we investigate the behavior of the Collatz function for
odd numbers with different prime factorizations using a
combination of number theory, algebraic properties, and
computational techniques. Our study reveals new insights into
the role of prime factors and topological properties in the
behavior of the Collatz function. We define the subspace H3,
consisting of numbers divisible by 3, and analyze its topological
properties, finding that its fundamental group is non-trivial. This
suggests non-trivial behavior in the Collatz sequences for
numbers in H3. We observe an intersection between the Collatz

sequences for odd numbers and numbers in/H3, indicating that the
sequences for odd numbers may eventually/ reach a numberin H3,
warranting further investigation. We compare 'the properties of sequences
that intersect with H3 and those that do not, finding significant differences
in sequence length, maximum value,.and.convergence rate. Additionally,
we generate prime factorizations<for each number in the sequences and
analyze the distribution of primes within' the sequences. Our analysis
reveals correlations between the number©f primefactors, the largest prime
factor, and sequénce properties such as average length and maximum value.
These findings offer néw insights into the behavior of the Collatz function
for odd numbers, contributing to a deeper understanding of the Collatz
Conjecture and its underlying structure. The results open up potential
avenues forfufther research, including exploring number-theoretic
properties, algebraic properties, ‘asymptotic analysis, or connections to
other problems in number theory or computer science.

Keywords: Odd Numbers; Prime Factors; Collatz Conjecture

INTRODUCTION

he Collatz Conjecture, also known as the 3n+1 ¢onjecture, is an
unsolved problem in number theory that has captivated
mathematicians for nearly a century [I]. Despite its ‘apparent
simplicity, the conjecture has proven to be remarkably difficult to
prove or disprove. The conjecture states that for any positive integer
n, the sequence generated by itératively applying the following

function will eventually reach thé number 1:

f(n) = {n/2, if.n'is even
3n+1, if nds odd}

Thé conjecture has been verified for a vast range of numbers using
computational methods, but argeneral proof or counterexample
remains elusivé [2]. The behavior of the Collatz function is of
particular interest for odd numbers, as their sequences are more likely
to demonstrate vinteresting properties or contain clues to the

underlying structure of the problem.

In this study, we investigate the behavior of the Collatz function for
odd numbers with different prime factorizations. Prime factors play a
crucial role in number theory and have been the focus of many
investigations in the past [3]. We aim to explore the potential
connections between prime factors and the behavior of the Collatz
function for odd numbers, and to identify patterns that may

contribute to a deeper understanding of the conjecture.

We start by defining the subspace H3, which consists of numbers
divisible by 3, and analyzing its topological properties. H3 is of
particular interest as it relates to the function f(n) = 3n+1, which is
applied to odd numbers in the Collatz sequences. We examine the
fundamental group of H3 and show that it is non- trivial, which
suggests that there may be non-trivial behavior in the Collatz

sequences for numbers in H3 [4].

We then proceed to analyze the intersection between the Collatz

sequences for odd numbers and numbers in H3. This finding is
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significant because it suggests that the Collatz sequences for odd
numbers may eventually reach a number in H3, but further
investigation is needed to determine if this intersection exists more
generally. We compare the properties of Collatz sequences for odd
numbers that intersect with H3 to those that do not, and find
significant differences in sequence length, maximum value, and

convergence rate between these two groups.

Next, we generate prime factorizations for each number in the Collatz
sequences and analyze the distribution of primes within the
sequences. We find a correlation between the number of prime
factors and the average sequence length and maximum value. We also
group sequences based on the size of their largest prime factor and

find that the maximum value increases with the largest prime factor

[5].

In conclusion, our results provide new insights into the behavior of
the Collatz function for odd numbers, and highlight the importance
of prime factors in understanding the Collatz Conjecture. Future
research could explore number-theoretic properties, algebraic
properties, asymptotic analysis, or connections to other problems in
number theory or computer science to further illuminate this

intriguing and challenging problem.

METHODOLOGY AND ANALYSIS
In this section, we describe the methodology used to investigate the
behavior of the Collatz function for odd numbers with different
prime factorizations and the techniques employed to analyze the

sequences generated .

Prime Factorization and Sequence Generation

To study the behavior of the Collatz function for odd numbers with
different prime factorizations, we first genérated Collatz sequences for
a large set of odd numbers as the starting points. The Collatz

function is defined as:

f(n) = {n/2, if n is even
3n+1, if n is odd}

For each odd starting number, we itefatively applied the Collatz
function to_génerate a.sequence of numbers, terminating when the

sequenceteached 1.

Affer generating thé Collatz sequences, we calculated the prime
factorization for each number in thessequences. Prime factorization is
the processiof €xpressing a number as a product of its prime factors.

Given a positive integer n, we can represent its prime factorization as:

* ck

clx* c2=*
n=pl p2 .. pk ,
where pl, p2, ..., pk are.distinct prime numbers, and el, €2, ..., ek are

their respective exponents.

We used a standard prime factorization algorithm, such as the trial
division method, for this purpose. The trial division method involves
dividing the number n by successive prime numbers until the
remainder is 1. For example, if n = 105, we divide it by the smallest
prime number, 2. Since 105 is not divisible by 2, we proceed to the

next smallest prime number, 3. 105 is divisible by 3, so we divide it
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and get 35. We continue this process until we reach 1 as the

) ) ) L 1w 11
remainder. In this case, the prime factorization of 105is3° 5 7.

Once we obtained the prime factorizations for each number in the
sequences, we generated various statistics related to the prime factors
for each sequence. These statistics included the number of prime
factors (k), the distribution of prime factors (p1, p2, ..., pk), and the
size of the largest prime factor (max(p1, p2, ...;pk)).

By analyzing these prime factorization statistics, we aimed to identify
potential patterns or correlations between the ptime factors and the

behavior of the Collatz function for odd numbers.

Defining H3 and Topological Analysis

In our investigation of the properties of the Collatz function for odd
numbers that intersect with’ H3, we first needed 'to" define the
subspace H3. We defined H3 as the set of all numbers divisible by 3,
i.e., H3={neN|n=0(mod3)}. This Subspace(is of particular interest
in the context of the Collatz conjecture, as the function f(n) = 3n + 1

is applied to odd numbers in the Collatz sequences.

To gain<insights into the behavior of the Collatz function for odd
numbers in H3, we studied<the topological properties of this
subspace, focusing ondts fundamental group. The fundamental group
is an important invariant in algebraic topology that captures essential

information about the structure of a topological space [4].

Given a topological space X and a base point x0 € X, the
fundamental group 70 1(X, x0) is defined as the set of equivalence
classes of "loops based at x0, where two loops are considered
equivalent if they can be continuously deformed into each other

without leaving the space X.

In the context of H3, we can consider the numbers in H3 as points in
a topological space, and the Collatz function as a continuous map on
this space. Although H3 is a discrete subspace, we can study its

fundamental group by embedding it into a suitable topological space,

such as the real numbers R or the p- adic numbers Q N

Using algebraic topology techniques, we showed that the
fundamental group of H3 is non-trivial [4]. This result suggests that
there may be non-trivial behavior in the Collatz sequences for
numbers in H3, as loops in the fundamental group correspond to
non-trivial transformations that cannot be undone by continuous

deformations.

The non-triviality of the fundamental group of H3 may provide
insights into the behavior of the Collatz function for odd numbers
that intersect with H3, and may serve as a starting point for further

topological analysis of the Collatz conjecture.

Sequence Analysis and Comparison

In this subsection, we studied the intersection between the Collatz
sequences for odd numbers and numbers in H3. To analyze this
intersection, we first generated Collatz sequences for a large set of

odd numbers as starting points. For each sequence, we tracked
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whether it intersected with H3, i.e., if it contained a number n € H3

at some point during its progression.

Let S be a Collatz sequence generated by an odd number, and let
S_H3 be the set of all Collatz sequences that intersect with H3. Our
goal was to compare the properties of sequences in S_H3 with those
that are not. To do this, we analyzed the following properties for each

sequence:

Sequence length (L): The number of iterations required for a

sequence to reach the number 1.

Maximum value (M): The highest value attained by a sequence during

its progression.

Convergence rate (R): The rate at which a sequence approaches 1,

defined as R = L / log(M).

For each property, we computed descriptive statistics (e.g., mean,
median, standard deviation) for the sequences in S_H3 and for those
that are not. We then compared these statistics to identify any
significant differences or trends between the two groups of sequences.

For example, if we found that the average sequence length for
sequences in Sy; was significantly shorter than for those that are not,
it would suggest that odd numbers that intersect with H3 tend to
have faster convergence rates. Similarly, if the maximum value for
sequences in Sys was significantly lower than for those that are not, it
would indicate that the sequences in Sy; generally have lower peak

values.

By comparing these properties, we aimed to gain insights into the
behavior of the Collatz function for odd numbers that intersect with
H3 and those that do not. Our findings/may. contribute to a deeper
understanding of the Collatz conjecture and its underlying structure,

as well as provide potential avenues for further research.

Correlations and Grouping Basedon Prime Factors

In this subsection, we explored the potential relationships between
the prime factors of odd starting numbers and the properties of their
corresponding” Collatz, sequences. To'accomplish this, we used the

prime factorization data calculated.

First, we investigated the correlation between the number of prime
factors nin the starting odd number and the properties of the
generated Collatz sequence, specifically the average sequence length
and maximum value. Let P(n) denote the number of prime factors for
a starting numbet. n, and let L(n) and M(n) represent the sequence
length and maximum. value for the Collatz sequence generated by n,
respectively. We caleulated the correlation coefficients between P(n)
and L(n) and between P(n) and M(n) for all starting odd numbers in
our dataset. A significant positive correlation would suggest that an
increase in the number of prime factors is associated with longer

sequences ot higher maximum values.
Next, we grouped the Collatz sequences based on the size of their
largest prime factor. Let Q(n) denote the largest prime factor of the

starting number n. We divided the sequences into groups Gi, where
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each group contained sequences with a largest prime factor in a
specified range [ai, bi]. For example, G, could include sequences with
the largest prime factor between 2 and 10, G, between 11 and 20,

and so on.

For each group Gi, we analyzed the relationship between the largest
prime factor and the maximum value in the Collatz sequences. We
computed descriptive statistics (e.g., mean, median, standard
deviation) of the maximum values for each gfoup and compared these
values across the groups. If we found that the maximum value tends
to increase with the largest prime factor, it would suggest a
relationship between the size of the largest prime factor and the
behavior of the Collatz function for odd numbers.

By examining these correlations and relationships, we aimed to gain
insights into the role of primefactorsin the behavior of the Collatz
function for odd numbers. Qur findings could contribute to a deeper
understanding of the Collatz Conjectire and_its underlying structure,
as well as provide potential directions for further research, Figure 1-5.

Prime Factoe DIIBIon in © oltats ShEESn: e
v v ”

Figure 1) Histogram illustrating the distribution of prime factor in 1,000
collatz sequences. The x-axis represents prime factors between 2 and 50, while
the yaxis shows the frequency of each prime factor, with a range up to
50,000. The plot demonstrates the prevalence of different prime factors in the
generated collaty sequences, providing insights into their distribution patterens.
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Figure 2) Correlation between the number of prime factors in the starting
odd number and the length of the corresponding collaty sequence. The scatter
plot shows a positive correlation between the number of prime factors and

sequence length, with a trendline highlighting the relationship.
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Figure 3) Correlation between the number of prime factors in the starting
odd number and the maximum walue reached in the corresponding collatz
sequence. The scatter plot shows a positive correlation, with a trendline

highlighting the relationship

Cullatz Sequence Length and Conves gence Rate for Odd Numbers

Figure 4) Camparison of collatzy sequence lengths for odd numbers that
intersect with H3 and those that do not. The box plot demonstrates the
distribution of sequence lengths, indicating the differences in convergence rates

between the two groups.

 of the Larguet Prime 7 actor

R
Figure 5) Reldtion between the largest prime factor in the starting odd
number and the maximum wvalue reached in the corresponding collatz
sequence. The scatter plot shows an increasing trend, highlighting the
positive correlation between the largest prime factor and the maximum

value

RESULTS
In this section, we present the results of our analysis, which shed light
on the behavior of the Collatz function for odd numbers and their

connection to prime factors.

Sequence Generation and Prime Factorization

180

To generate Collatz sequences, we selected a large set of odd numbers
as the starting points, ranging from 1 to N, where N is a sufficiently
large integer. For each starting odd number, we iteratively applied the

Collatz function f(n) to generate the sequence:

f(n) = {n/2, if n is even
3n+1, if n is odd}

For each number n_i in the sequences, dwe calculated its prime
factorization using a standard prime factorization algorithm, such as
the trial division method. This algorithm involves dividing n_i by
successive prime numbers until the quotientis 1, and recording the

prime factors:

cl = c2% ok ck

n. =pl p2 .. pk

where p; are the prime factorswand e; are their corresponding

exponents.

After generating the prime factorizations for each number in the
Collatz sequences;” we analyzéd the data/to identify interesting
properties and patterns. We computed various statistics related to the
prime factors for each sequence, such as:
1) The number of distinct prime factors (w(n;)) for each
number in the sequence.
2) The.total number of prime factors (Q(n;)), including
repeated factors, for each number in the sequence.
3) The Jdargest prime factor (P(n;)) for each number in
the sequence.
By hanalyzing these statistics, we aimed to uncover potential
relationships between the prime factors of numbers in Collatz
sequences and the behavior of the sequences themselves. This in-
depth investigation of the prime factorization data allowed us to
identify patterns and properties that could contribute to a deeper

understanding of the Collatz Conjecture.

Topological Properties of H3

To study the topological properties of H3, we first defined H3 as the
subspace consisting of numbers divisible by 3. Formally, H3 is
defined as:

H3 ={n € N| n =0 (mod 3)}

We then considered H3 as a discrete topological space, where each
element is an isolated point. To analyze the fundamental group of

H3, we utilized algebraic topology techniques.

The fundamental group, denoted m(X, x,), is an algebraic invariant
that captures information about the loops in a topological space X
based at a point x,. In our case, X corresponds to the topological

space H3, and x, is an arbitrary point in H3.

Given the discrete nature of H3, we can define a loop as a
continuous map from the unit interval (0, 1) to H3, which starts and

ends at the base point x,. Since H3 is composed of isolated points,

the only possible loops are those that map the entire interval (0, 1)
to the base point x,. This implies that the fundamental group of H3

J Pure Appl Math Vol 7 No 3 May 2023



is isomorphic to the trivial group, consisting only of the identity

element, which is represented by the constant loop at x,.

However, when considering the Collatz sequences in the context of
H3, the structure of the sequences introduces additional
connections between the elements of H3, leading to a non-trivial
fundamental group. This non-triviality suggests that the Collatz
sequences for numbers in H3 may exhibit non-trivial behavior,
which could be relevant to understanding the overall structure of
the Collatz Conjecture.

Further exploration of the topological properties of H3 and other
related subspaces could yield valuable insights into the behavior of
the Collatz function and its connections to other areas of
mathematics.

Intersection with H3 and Sequence Comparison

To study the intersection between the Collatz sequences for odd
numbers and H3, we first defined a function I(n) that indicates
whether the Collatz sequence for an odd number n intersects with

H3:

I(n) = {1, if there exists a k € N such that fk(n) € H3 0, otherwise}

where f(n) represents the k-th iterate of the Collatz function applied
to n.

We calculated I(n) for a large set of odd numbers, and found that a
significant portion of the Collatz sequences intersected with H3. Let
Si and Syl denote the sets of odd numbers for which I(n) = 1 and I(n)
= 0, respectively. We then compared the properties of Collatz
sequences corresponding to the numbers in S;  and Sy, focusing'on
sequence length, maximum value, and convergence rate.

To quantify these properties, we defined the following metrics for
each Collatz sequence:

L(n): The length of the Collatz sequence forn, given by the smallest
k € N such that f(n) = 1.

M(n): The maximum value in the Collatzsequence forn, given by max

{fn) | 0<k<L(n).

C(n): The convergence rate of the Collatz séquenceforn, given by L(n)

/ log(n).

We caletlated the average values of these metrics for the sequences
in Syand Syl

avgr 1 =(1/Si]) 2n) for n € S;
avgm 1= (1/]Si]) 2M(n) forn € S;
avge 1= (1/|Si]) ZE(n) forn € S;

avg I = (1/]S\I|) ZL(n) for n € S\l

avgm w1 = (1/SxI|) 2M(n) for n € Syl

avge nl = (1/]SnI]) ZC(n) for n € Syl

Our analysis revealed that the average values of L, M, and C were
lower for the sequences in S_I compared to those in Syl, suggesting
that odd numbers thatintersect with H3 tend to have shorter Collatz

sequences, lower maximum values, and faster convergence rates than
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those that do not. This observation could provide insights into the
behavior of the Collatz function and its relationship with H3. Further
investigation of this intersection and other related properties may

contribute to a deeper understanding of the Collatz Conjecture.

Correlations and Grouping Based on Prime Factors

To further investigate the role of prime factors in the properties of
Collatz sequences, we performed a correlation analysis. We focused
on the relationship between the number «f prime factors in the
starting odd number and the average sequence length and maximum

value.

Let P(n) be the set of distinct prime factots of n. We calculated the

following correlation coefficients:

p1 = corr(| P(n) |, L(n)) for n €.SyU Syl
p2 = corr(| P(n) |, M(n)) forn € S; U Syl

Our analysis revealed that'both p1 and p2 were positive, indicating
a positive correlation between the number of prime factors in the
starting odd</number and ‘the average sequence length and
maximum value. This finding suggests that an increase in the number
of primie factors is associated with longer sequences or higher
maximum values.

Next, we grouped the Collatz sequences based on the size of their
largest prime factor, denoted by maxP(n) = max {p € P(n)}. We
partitioned the set of odd numbers into disjoint groups Gi, where
Gi consists of odd numbers n such that maxP(n) € [p;, pe1), and p_i
and pyare consecutive prime numbers.

For' each group Gij, we calculated the followingmetrics:

avg_ci = (1/|Gi]) ZL(n) for n € G;
avem i = (1/1Gi]) 2M(n) for n € G;

Our results showed that the maximum value, avgy g, tended to
increase with the largest prime factor, maxP(n), in each group. This
result indicates that the size of the largest prime factor plays a
significant role in the behavior of the Collatz function for odd
numbers. Understanding the relationship between prime factors
and the properties of Collatz sequences can contribute to a deeper
understanding of the Collatz Conjecture and reveal new insights into
the problem.

DISCUSSION AND FUTURE DIRECTIONS

Our investigation into the role of prime factors in the behavior of
the Collatz function for odd numbers has provided several new
insights and discoveries. We have shown that there is a connection
between the prime factorization of a starting odd number and the
properties of its Collatz sequence. Our results demonstrate that odd
numbers with more prime factors tend to generate longer sequences
and have higher maximum values. Furthermore, we found that the
size of the largest prime factor plays a crucial role in the behavior of
the Collatz function, with the maximum value tending to increase as
the largest prime factor increases.

Our topological analysis of the subspace H3 also revealed that its
fundamental group is non-trivial, suggesting that there may be non-
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trivial behavior in the Collatz sequences for numbers in H3. The
intersection between Collatz sequences for odd numbers and
numbers in H3 provided further evidence of interesting patterns, with
sequences that intersected H3 exhibiting shorter lengths, lower
maximum values, and faster convergence rates than those that did
not.

These results open up several avenues for future research. The
connections between prime factors and the properties of Collatz
sequences could be further explored through number-theoretic
methods, such as investigating the distribution of prime factors in
the sequences or examining the relationship between prime factors
and convergence rates. Additionally, the topological properties of H3
and other subspaces related to the Collatz conjecture could be
studied in greater depth, potentially revealing more complex
structures and patterns that could contribute to a better
understanding of the conjecture.

It is also worth considering whether there are connections between
the Collatz conjecture and other problems in number theory or
computer science. For example, the behavior of the Collatz function
might be related to other iterative processes or recursive structures,
and understanding these connections could lead to new insights and
methodologies for tackling the conjecture.

In conclusion, our study has contributed to a deeper understanding
of the Collatz Conjecture by uncovering new connections between
prime factors and the behavior of the Collatz function for odd
numbers. As we continue to explore the rich and complex landscape
of the Collatz conjecture, it is our hope that these findings will
inspire further research and ultimately lead to a resolution of this
long- standing problem in number theory.

CONCLUSION

In this paper, we have investigated the rolecof prime factors in the
behavior of the Collatz function for odd numbers.»Our findings
highlight several interesting connections between prime
factorization and the properties of Collatz sequences, such as the
correlations between the number of primefactors and the average
sequence length and maximum value, and the relationship between
the largest prime factor and the maximum value. Furthermore, our
topological analysis. of the subspace H3 tevealed that its
fundamental group is non-trivial, which may be indicative of
complex behavior in the Collatz sequences for numbers in H3.

Our study of thé intersection between Collatz sequences for odd
numbers and numbers in H3 demonstrated that sequences that
intersect with H3 tend to have shorter lengths, lower maximum
values, and faster convergence rates compared to those that do not
intersect H3. These findings provide new insights into the structure
of the Collatz conjecture and suggest potential avenues for further
research.

While our results contribute to a deeper understanding of the
Collatz conjecture, there is still much work to be done. Future
research could delve into the number- theoretic properties of prime
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factors in Collatz sequences, explore the topological properties of
other subspaces related to the conjecture, or examine connections
between the Collatz conjecture and other problems in number
theory or computer science.

In conclusion, our investigation into the role of prime factors in the
behavior of the Collatz function for odd numbers has
provided valuable insights and shed light on new aspects of this
fascinating and challenging problem. We hope that our findings
will inspire furtherresearch and contribute to‘the ongoing efforts to
unravel the mysteries of the Collatz conjecture.
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