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ABSTRACT

Variational inclusion problems have become the apparatus that is generally
used to constrain sundry mathematical equations in other to pguarantee the

uniqueness and existence of their solutions. The existence of these solutions
was earlier studied and proven for uniform Banach Spaces using accretive
operators. In this study, we extend the conditions to hold for arbitrary Banach
Spaces using uniform accretive operators.
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n recent years, variational inequalities have been extende in different

directions and areas of studies, using novel and innovative techniques.
One of such generalization is variational inclusions. Several problems that
occur in engineering, optimization and control situations can be modeled by
free boundary problems which leads to variational inequality and variational
inclusion problems, Eq. 1 in appropriate spaces.

Definition

(Variational Inclusion Problem). Let T-F:E— CB(E) be two setvalued
mappings, D(A) c E an m-accretive mapping, g:E —> D(A) a single
valued mapping and N (,, .) : Ex E — E a nonlinear mapping. For any
given function f ¢ Eand A >0, we consider the following problem. Find q

€ E, u2T(qg), v 2 F(q) such that f € N(u, v) + 1A(g(q)) (1)
Where E is a real Banach space and E* is its topological dual space. CB (E)
is the family of all non-empty convex (closed) and bounded subsets of E.

The duality pairing between E and E*is defined by inner product (g’ ) if

E is a Hilbert space and the Hausdorff metric D (.,.) on CB(E) is detined by

D(4,B)= max{supd(x,B),supd(A,y)}
xed yeB

Given that 4, B € CB(E), the distances d(x,B) or d(A, y) is defined by
d(x,B)=inf ||x—y| @

Also, D (T) denotes the domain of T and the normalized duality map is
defined by

0= e (. /)= = | o | o< ©

Variational inequalities were introduced in early nineteen sixties by
Hartman and Stampachia [1].

Lemma I.1

(Micheal’s Selection Theorem). Let X and Y be two Banach spaces; 7: x — 2%
a lower semicontinuous mapping with nonempty closed convex values. Then
T admits a continuous selection i.e. there exists a continuous mapping

h: X — Y such that h(x) c T(x) foreach xc X
Lemma 1.2

Let E be a uniformly smooth Banach space and 7: 2% be a lower semi-
continuous and m-accretive mapping. Then the following conditions hold;

(a) T admits a continuous and m-accretive selection

(b) If T is also ¢ strongly accretive, then T admits a continuous m-accretive

and ¢ strongly accretive selection.

Lemma 1.3

(Nadler’s Theorem). Let E be a complete metric space, T : E — CB(E)
be a setvalued mapping then for any given > (Qand for any given
x,yeE,ueTx,veTy, thereexists ye Ty such that

D(u, v) <(1 +¢)D(Tx, Ty) 4
Algorithm 1.4

(Iterative ~ Sequence). For any given X, € E,u, < Tx,,v, € Fx,
compute the sequence {x } {u }, v } by the iterative scheme

x,+le(l-a,))x, +a(f+x —N(u",vn)) AA(g(x,))

Foru, eTx,,

u, n+l‘<(l+7jD(Txn’Txn+l)

Forv eF,

let, =] < 1+ D1, . 7w, ) )
n n+l n+l n n+1

Eq. 5, is called the Mann iterative sequence, it is a direct consequence of
invoking Michael’s Selection theorems [2]. Using Nadler’s theorem [3],
Chang in [4] proved Lemma 1.2, thereby establishing the existence of unique
solutions to Variational Inclusion problems using accretive operators in
uniform Banach Spaces. In this work we present the extension of Chang’s
work to arbitrary Banach Spaces using uniformly accretive operators based
on the Lipschitz property of T and F.

Preliminaries
Definition 1.2.

Let A be a set-valued mapping with domain D(A) and range R(A) in E. A is

said to be accretive if for all x, y € D(A) there exists j(x—y)e J(x—y)
such {u=v. j(x=3))20 (6)

Definition 1.3.

Let ¢:[0,400) — [0,+00) be a strictly increasing function with ¢(0)=0
then the mapping A is strongly accretive if for anyy e Ax, and ve Ay

<u -V, j(x— y),> > ¢(||x - y||)||x - y|| )
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If ¢ (t) = kt, 0 <k < 1, then A is said to be kstrongly accretive, and said to
be m-accretive if A is accretive and (I + rA)D(A) = E for all r > 0, where [ is
the identity mapping.

Theorem 1.5

Let E be a uniform smooth Banach space,7 F:E — CB(E) and
A:D(A)c E - 2" be three setvalued mappings, q : E-D(A) a single valued

mapping satisfying the following conditions;

W Aog:E—2°

(i) F': E— CB(E)is e —Lipschitz contionous;e> 0
(iii) F': E — CB(E)is € —Lipschitz contionous;e> 0

(iv)The mapping x > N(x, y)is ¢ strongly accretive with respect to the
mapping T, and ¢:[0,+00) — [0,+%) is a strictly increasing function with

$(0)=0

(v) The mapping y — N(x, y) is accretive with respect to the mapping F

Then, for any given J € E;4>), there exists g € E,ueT(q),ve F(q)
which is a solution to Eq. 1.

Theorem 1.6

LetE, T, F, A, g, and N be as in Theorem

L5and g }, be a sequence in the closed interval [0, 1] satistying the
following conditions

(W 2% =0 () L% =

— n=0

If the ranges R (I =N(T(), F()) and (4o g)are bounded, then for any given
u €T, y, €T, v, €Fx,, the iterative sequences {xn}, {un} and {vn} defined

by Algorithm 1.4 converges strongly to the solution q, u, z of the set-valued
vibrational inclusion problem of Eq. 1

An equivalent form of Theorem 1.6 is given as lemma [5].

Lemma 1.7

(Moore and Nnoli). Let {an}, {n} and {n} be real sequences such that

(a) @, €[0,1] () lim=0(c) 2 == (d)o, =0(&,) Alo, Le

n=0

/4 [0, 00) - [0, 00) be a strictly increasing function with W(O) =0

if ajﬂ Sa,f—é'l//(a )+0,; then, @, — 0,51 —> 00,

n+l

We are not going to reproduce the proofs of these Theorems and
Lemmas, it suffices to indicate their implications, conclusions and some of
their rudiments as they are used in the course of this paper. For instance,
to prove Theorem 1.5, one defines the mapping §: £ 27 that is expressed
by Sx = N(Tx, Fx), x.x,€E and invoke Morales [6] to establish that S is
m-accretive and ¢~ strongly accretive and hence use the proof of Lemma
1.2(b) to conclude that S admits a continuous and -strongly accretive and
m-accretive selection #+A(4°g). Then, the theorem and proof of Theorem
5.3 in Kobayashi [7] can be used to show that } + A(A o g)is m-accretive and
~strongly accretive. Then f 4 (40 g)can be used to construct a variational
inclusion problem that is a subset of Eq. 1 whose solution parses to Eq. 1 by
virtue of uniqueness of the elementos,=«). The proof of Theorem L.6 is given
in [8] and proof of Lemma 1.7 is given in [9]. The same assumption that,
o, =o(,) as n—>© with

o, :o(é‘n)is made in the proof of both (Theorem 1.6 and Lemma 1.7)
in other to establish that the sequences {un} and {vn} are Cauchy in other
to achieve the results presented in appendix A. In this study we present a
cheaper way to achieve the same result for arbitrary Banach spaces [10].

RESULTS

We begin by presenting and proving the following lemmas, which extends
the algebraic property of ¢ -strongly accretive operators to uniform accretive
operators.

Lemmall.1.

Let E be a real Banach space, T, F,:— 2% two set valued mappings and
N(.,.): ExE — E anonlinear mapping satisfying the following conditions;

(i) The mapping x— N(x,y) is uniformly accretive with respect to the
mapping T

(ii) The mapping y > N(x,y) is accretive with respect to the mapping F

Then the mapping x,x, €k defined by Sx=N(Tx, Fy) is uniformly
accretive.

Proof: For any given yx,,x, € E and for anyw, € Tx;, 1 = 1, 2; there exists
w. e Tx.and v, € Fx, such tﬁat vi =N (wi, vi). By conditions (i) and (ii) and
Definition 1.2, we have that

(=705 =3)) = (¥ ()= M) 5 ~)
_ <N(w1,v1 )= N(w,, ), ji(x, _x2)>
+(N(wy,v) = N(w,,v,), j(x, = X,))

>y (||x1 -x|)

Which implies that the mapping S=N (T(.), F(.)) is uniformly accretive.

Lemma IL.2 Let E be a real Banach space and 7: X — 2" be a lower semi-
continuous, m-accretive mapping, then the following conditions holds;

(1) T admits a continuous and m-accretive selection

(ii) In addition, if T is also uniformly accretive, then it admits continuous,
me-accretive and uniform accretive selections

Proof: The proof of (i) follows from the proofs of

Lemma L1 and Lemma 1.2 (b). For any given X,y € E and for any
ve Ty ,vely,we have from the result of Lemma II.1 that

<”1 - v27j(‘x1 - x2)> 2y (”xl - xz”)

Letting 4 = h(x) € Tx,v € h(y) we obtain

(h(x)=h(y), j(x=y))={u—v, j(x=)) 2y (|x, — x,[) which implies

that h is uniformly accretive.

Now, since T and F are both Lipschitzian, it follows from Eq. 5, that

Vi = Vasl n " Xnel

‘S(1+ lj X, —X
- n+
urr Z'lwrl

|< (1+Lj D(Tx,,Tx,.,)
n+l

In the same vein,

vn _er—] " < 1+ 1 'xn _'xn+1
n+l1

This implies that given any x,€E, uyelx,, v, eFx, the iterative
sequences un and vn are cauchy sequences. Therefore, there exists U ™,

y* e E such that 7 —>% n—>©3as p — 00. By Lemmas II.1 and 1.2 and
results in results in [6,5,10] we infer that A +ﬂ(AO g) too is uniform
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accretive.

Thus, there exist ve F(g)and veF(q) such (8) and establish the
results (u*=v*=u) in Appendix A with ‘less’ continuity restrictions

d(u*,Tq) <d(u*,u,)+|x,—q| -0 ©)
d(w*,Tq) <d(*,u,)+|x, —q| >0 (10) so that
d(u*,Tq) <d(u*,u,)+|x, —gq| >0 (11
d(v*,v) <d(v*,v,) +|x, —q| >0 1)
Appendix A

Consequence of Proof of Theorem 1.6 and and Lemma 1.7

Claim A.L.Tp prove heorem 1.6 and Lemma 1.7, the claim is made that [11-
13] llmlnfﬁxn —q|l=0>0 (13)

Proof of Claim:There exists n such that for any 72 > n,,

xn—q||>%>0

5.0
Xp1 — ‘]”2 +a,B, - 2%¢(E)E

)
X, — q"2 - an¢55
In, >0

1,.6
such that vy, < 5¢5E

Let NO =max{n0,n1} then for all # = NO

webave [, =gl <[lx, —q| - % @, g
Thus,

1 )

Ean¢5z <|x, - q"2 —||xﬂ+l - qr"2

O) @, <[y —gff <+

v
2 2 n=N,

= Z a, S0 =& !So, lim inf "xn — C]" = o > () and there exists
X, X, such that x,, —>gas j — 00

xn 4l = (1 + anj )anj + anjanj - q as J —® . That is, Vn>0
Which implies that # % as 5 —> 00. Now using the fact that Tispu

-Lipschitzian and F is € Lipschitzian, it follows that from Eq. 5 that

u,—u,,, || < (1 + ﬁj D(T(x,),T(x,.,))
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1
< (1 +m}||xn =X, "

And

v, —v,mlls[u#jD(F(xn),F(xm»
n+1

)
<el|l+
n+l1

This result implies that the sequences u and v _ are Cauchy
sequences. Therefore, there exists u*, v¥e E S}Léch t};ﬂt u, S p*
U, —> v*as y* =y *. Next, we prove that U =V ™ In fact, since,

dw*,Tq) <du*,u,)+d(u, Tq) <dWw*,u, )+ D(Ix,,Tq)

‘xn _xn+1||

< d(u*,un)+u|

x,—q| =0 (14)

Result of Eq. 14 implies that u* € T'(g) . Similarly, Eq. 15 also implies that
[14,15] v¥ e Fgq .

d(v*,Tq)<d(v*,v,)+d(v,,Fq)
<d(*,v,)+D(Fx,, Fq)

<d(v*,v, )+ e ||x,, —q[|—>0 (15)

It remains to show [16] that u*= v*= u. But Eq. 16 and 17 clearly shows this.

<d(u*,u,)+D(Tx,,Tq)

<d(u*,u)+D(Tx,, Tq) <d@*,u,)+ u|x, — g —0
(16)

Which implies that u* =1 and since;

<dw*,u,)+D(Ix, ,Tq)

< d(u*,u,)+ D(Tx,.Tq)
<du*,u)+e ”xn - q” -0 17

This implies u*= v. [17] Summing up the above argument we conclude that
the sequences x ,u_andv_defined by Eq. 5, converges strongly to solution (q,
u, v) of problem 1 respectively.
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