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ABSTRACT

(2,M)-double fuzzifying topology is a generalization of (2,M)- fuzzifying
topology and classical topology. Motivated by the study of (2,M)- fuzzifying
topology introduced by Hohle for fuzzifying topology. The main motivation
behind this paper is introduce (2,M)-double fuzzifying topology as tight
definition and a generalization of (2,M)- fuzzifying topology. Also, study
structural properties of (2,M)-double fuzzifying continuous mapping, (2,M)-
double fuzzifying quotient mapping, (2,M)-double fuzzifying operator, (2;M)-
double fuzzifying totally continuous mapping and define an (2,M)-double

fuzzifying Interior (closure) operator. The respective examples of these
notions are investigated and the related properties are discussed. On the
other hand, a characterization of (2,M)-fuzzifying topology by (2,M)-fuzzifying
neighborhood system, where M is a completely distributive, was given in
Hohle (2). We extended this defination and others to (2,M)-double fuzzifying
topology. As an application of our results, we get characterizations of a (2,M)-
double fuzzifying topology by these new notions. These characterizations do
not exist in literature before this work. These concepts will help in verifying
the existing characterizations and will be useful in achieving new and
generalized results in future works.

Key Words: (2,M)-double fuzzifying topology; (2,M)-double fuzzifying continuous
mapping; Characterizations of (2,M)-double fuzzifying topology

He uncertainty appeared in economics, engineering, environmental

science, medical science and social sciences and so many other applied
sciences is too complicated to be solved by traditional mathematical
frameworks. The concept of (2,M)- fuzzifying topology appeared in Hohle
(1,2) under the name “(2,M)-fuzzy topology” (cf. Definition 4.6, Proposition
4.11 in (2)) where [, is a completely distributive complete lattice. In the
case of L=[0,1] this terminology traces back to Ying (3-5) who studied
the fuzzifying topology and elementarily developed fuzzy topology from a
new direction with semantic method of continuous valued logic. Fuzzifying
topology (resp. (2,M)-fuzzifying topology) in the sense of Ying (resp., Hohle)
was introduced as a fuzzy subset (resp., an M-Fuzzy subset) of the power set
of an ordinary set. (2,M)- fuzzifying topology is a kind of new mathematical
model for dealing with uncertainty from a parameterization point of view.
Also, Hohle’s in (2) from Theorems 1.4.2, 14.3, the concepts of (2,M)-
fuzzifying topology and (2,M)- fuzzifying neighborhood system are equivalent
notions. In my work we extended the notions of (2,M)- fuzzifying topology
into (2,M)-double fuzzifying topology and studied the related properties and
gave many valuable results for this theory which can be used as a generic
mathematical tool for dealing with uncertainties. In the present paper, we
apply the (2,M)-double fuzzifying topology, to M-double fuzzifying continuous
mappings, M-double fuzzifying quotient mapping, (2,M)-double fuzzifying
totally continuous mapping and define an (2,M)-double fuzzifying Interior
(closure) operator. We extend and studied the notions of (2,M)-double
fuzzifying neighborhood, M-double fuzzy contiguity relations, and M-double
fuzzifying closure (interior) operator. Then our generalization of Hohle (2-5)
results is obtained if we prove that M-double fuzzifying contiguity relation,
(2,M)-double fuzzifying topology, (2,M)-double fuzzifying neighborhood
system and M-double fuzzifying closure (interior) operator relation are
equivalent notions. These characterizations do not exist in literature before
this work. The basic properties of these notions are studied and characteri-
zations of these concepts are discussed in detail. In Section 1.1, we introduce
a survy about the definitions used in the article. In Section 1.2, we study

structural properties of (2,M)-double fuzzifying continuous mapping, (2,M)-
double fuzzifying quotient mapping, (2,M)-double fuzzifying operator.

In Section 1.3, we discuss (2,M)-double fuzzifying totally continuous and
define an (2,M)-double fuzzifying Interior (closure) operator. The respective
examples of these notions are investigated and the related properties are
discussed. The basic properties of these notions are studied. On the other
hand, in Section 1.4, a cheracterization of (2,M)-double fuzzifying topology by
(2,M)-double fuzzifying neighborhood system, M-double fuzzifying contiguity
relation, M-double fuzzifying interior operator are introduced, where Jf
is a complete residuated lattice. For this paper Jf is complete residuated
lattice and for more details see (6-12).

The following Definitions and Results introduced by Hohle (2).
Definition 1.1

The double negation law in a complete residuated lattice [, is given as
follows: 1, (a —>1) »>1=a.
Definition 1.2
A structure (L, A%, —, 1, T)
commutative quantale iff

(1 Lvon LT

is called a strictly two-sided

is a complete lattice whose greatest and least

elementare |, T respectively,
(2) (L,*,T) is a commutative monoid,
(3) (a)* is distributive over arbitrary joins, i.e.,

a*V b, :j\E/J(a*bj)Va eL, Vb, eJic L,

jeJ
(b) —> is a binary operation on [, defined by:
a—)b:lv AVa,be L.

*a<b
Definition 1.3

A structure (L,v,A,*,—, 1, T)is called a complete MV- algebra iff the
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following conditions are satisfied:
L (L,v,A*,—>, L, T)is a
quantale,

2. Va,belL,(a—>b)—>b=avbh.

strictly  two-sided commutative

Definition 1.4

Let x€ X.The fuzifying neighbourhood system of X, denoted by
N, e I"%7, is defined as follows: N (4)= V. T(B).

Definition 1.5

Let X be a nonempy set. An element ¢ e X7 is called an M-fuzzy

contiguity relation on X iff ¢ fulfills the following axioms:
(c)c(x,9)=L Vxe X.

(¢))e(x, AU B) =c(x, A)V c(x, B), (Distributivity),
(c;)c(x, A) =T, whenever x € A4,

() A)e (s D) Acx, B) < (X, A). (Transitivity).

yeB

Theorem 1.1

Let (X,7) be an (2,M)-fuzzifying topological space, and let [, satisfies the
completely distributive law then the (2,M)-fuzzifying neighborhood system

(@,)x € X satisfies the following conditions:

(e (X)=T,Vx e X, (Boundary conditions)

(L))o (ANB) =@ (A) A @ (B), (Intersection property)
(113)P, (A) =L whenever x ¢ A

@) ()< V (@,(D) A @ (B)VE & P(X). Furthermore
7(A) = A@,(AVA e P(X).

xed

Theorem 1.2

Let [ satisfies the completely distributive law and Let (@ )x€ X be a
system satisfies the properties (f,),(f;),(#;),(u,) in Theorem 1.4.2

above. Then (@,)x € X induces an (2,M)-fuzzifying topology 7 on X by
7T(A) = AP (A)VA e P(X).Moreover the following formula holds

xed
o.(4) = Xe}{g 7(B).
Theorem 1.3

Let (L,<,*) be a complete MV-algebra and (O = A, further more let
(L,<) be a completely distributive lattice complete MV -algebra. Then

(2,M)-fuzzifying topologies, M-fuzzy contiguity relations and stratified and
transitive M-topologies are equivalent concepts.

Definition 1.6

Let X beanonemptyset. Amap ()° : 2% — L is called an M-fuzzifying

. . . ° . . . o
interior operator if () satisfies the following conditions:

A)X) =1,

(2")(ANB) =(4) A(B),

G')A) <4,

(A4")(4) (x) < V(A () v (B)(x)).
Definition 1.7

[1] Let X be a nonempty set and let P(X) be the family of all ordinary
subsets of X . An element 7' ¢ Af7X) is called an M-fuzzifying topology
on X iff it satisfies the following axioms:

MTX)=T(P=T,
(2VA, B e P(X),T(ANB)>T(A) AT (B),
(3)V{Aj | jeJic P(X), T ]9] Aj) 2 /\T(Aj) The pair

2

(X, 7)) is called an M-fuzzifying topological space.
Definition 1.8

(2.13). A structure (L,V,A,*,—, 1L, T) is called a complete residuated
lattice if f

(1) (L,v,A,L,T) is a complete lattice whose greatest and least element are
1, T respectively,

(2) (L,*,T) is a commutative monoid, i.e.,

(a) * is a commutative and associative binary operation on [,, and

) Va,e L,a*T=T*a=a,

(3)(a) * is isotone,
)

(b) — is a binary operation on [, which is antitone in the ...first and isotone
in the second variable,

(c) —> is couple with * as: a*b<ciff a<b—c¢ Va,b,ce L
2. (2,M)-Double fuzzifying Continuous mapping.
Definition 2.1

Let X be a nonempty set. The pair (7,7*) of maps T’T*;2X —-> Mis
called an (2,M)-double fuzzifying topology on X if it satisfies the following
conditions:

(DO1) T(A)<T *(A) —>L, foreach 427,
DO2T(X)=T(@)=Tand T *(X)=T *@) =L,
(DONT (ANB)2T (A AT (B) and

T*(ANB)<T *(A)v T *(B),foreach 4, B 2.
DO TU,r4)2A T(A4,) and T*U, 4)<V
foreach {4, :i e T} < 2%,

The pair (X,7,7*) is called an (2,M)-double fuzzifying topological space.
And 7 (A4) and 7 *(4) may be explained as a gradation of openness and

iel’ ierT*(Ai)9

gradation of nonopenness for /4 .

Remark 2.1

Let 7:2% 1 be fuzzifying topology on X . Define a map T*.9¥ _ rby
T *(A4)=T(A) —>L . Thenwhen pr =7, © = and ® =V, (7,7 *)
is an (2,M)-double fuzzifying topology on X . Therefore, (2,M)-double
fuzzifying topology is a generalization of fuzzifying topology due to (13,14)
and (15).

Definition 2.2

Let (X,7,,7,%)and (Y, 7,,7,*) be two (2,M)-double fuzzifying topological
spaces and for each B ¢ 2?. Then, The map [ :(X,7,,7,*) —> (Y,7,,7,*)
is called an M-double fuzzifying continuous map, if A,_, T.(f(B))=T,(B)
and V,_, 7, %(/ 7 (B) < T, *(B).

Example 2.1

Let X =Y ={a,b},L =[0,1] and if 7,,7,* and 7,,7, *defined as

follows:

TI(B)={1 If Be{X,p

If B e{{a},{b}}

0 FBelxg
3 If Bella},{b}}
If Be{Y,¢} 0 IfBe{l,¢
If Be{{a},{b}} 3 If Be{{a},{b}}
pairs Z;, 7, * and 7,7, *is called an (2,M)-double fuzzifying topological
spaceson X . The map f:(X,7,,7,*) - (Y,7,,7,*) define by f(a)=>b

, T{‘(B)={

wl—

—_—

T,(B)= ., T, (B) :{ The

W=

and f'(b) = a is an M-double fuzzifying continuous map.
Theorem 2.1

Let {(X.,7.,7%)},+ be a family of an (2,M)-double fuzzifying topological
space. And let Y be a set, let f;: X, — Y be a mapping for each i €T
Define amap 7,7 *:2" — M by
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TBY=ATB), T*B)=VT*(f['B): fo al
B € 2" . Then:

(1) (7,7%) is an (2,M)-double fuzifying topological space on ¥ for
which each f; is an M-double fuzzifying continuous mapping.

Q f:Y, T, 7% —>(Z,7,,7,%) is an M-double fuzifying

*)is an

continuous map iff each fof :(X,7,,7,") = (Z,7,

M-double fuzzifying continuous map.

s L7

Proof
(1) From the definition of (7", 7 *) easily get (DO1) and (DO2) are trivial.
(DO3)

T(ANB) = AT(f7 (DN (f7(B)

2[/\71(./21 (A))A(_/\T[(ﬁl(B)))j
>T(A) AT (B)

and,
THUAB) =(VT (7 AN A N T (B)

(VT v v T ) (DO4) For any

<T*(A)vT*(B).

family {4, }‘_Er <2

T(U ier Al) = /\,]7(-/1‘71 (U ter Az ))
= AT, (7 (A4

= AT (4
ieliel’

and,

T*U,4)=VT*(' U, 4)

=V U, (7 (A
SV VT (7 (A4))

iel iel’

=V T %(4)

(C) Since f f (X I,T*) e (Z, Z’T *)
is an M-double fuzzifying continuous, we have for each

me 2", T,(m)< A, T((f e f) ' (m) = /\»Ti((fi"((M))- an

T, (m)= V T*((f° f)_l(m))— V T4 (7 (7 (m)).
From the defm"mon of

(T. 7%, T,(m)< AT(f ' (m). T,

me2”

Be?2” Hence f:(Y,T,T%)— (Z, Z,T ) is an M-double fuzzifying
continuous map.

(:>) simple.

Definiation 2.3

Let (7,7%*) be defined as in Theorem 2.1. Then the frame (7,7*) is called
final (2,M)-double fuzzifying topology on ¥ associated with the families

S (m) = V T *(f~(m)). Forall
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(XL T T i and (fDier

Corollary 2.1

Let (X, 7T )} er be a family of (2,M)-double fuzzifying topological
spaces, for (i # j)eTand X; N X =¢, X =UX,. Let id,: X, > X
be identity map for which Z € I'.

Define the map 7,7 *:2" — M by

(T.B)= AT,(id; (B)), T, *(B) =V T, *(id,; (B))-Forall B < 2"

il

Then:

(1) (7,7%*)be an (2,M)-double fuzzifying topological space on x for
each id, is an M-double fuzzifying continuous map.

Q) f:(X,T,T%*—>(Z,7,, *) is an M-double

continuous map iff each foid,:(X,T,,T,*) > (Z,T,

M-double fuzzifying continuous map.

fuzzifying
T, *)is an
Corollary 2.2

Let Y be a set and (X,7,7*) be an (2,M)-double fuzzifying topological
space, let f:X Y be a surjective mapping. Define mappings
T/, 77:2" > M

By 77 = AT (S (B, T (B)=\/T *(f " (B) forall Be2".

iell iel

Then:
() (T7,T"7) is an (2,M)-double fuzzifying topological space on X
which f is an M-double fuzzifying continuous map.
@ g:( T T (21T,
map iff each gof:(X,7,7)—(Z,7,,7,) is an M-double

fuzzifying continuous map.

T
T,) is an M-double fuzzifying continuous

Definiation 2.4

Let (X,7,7%) be an (2,M)-double fuzzifying topological space. And Y
a set, let [ XY be a surjective mapping. The (2;M)-double fuzzifying
topological space 77/ on Y associated the (X,7,7*)and fis called the

quotient (2;M)-double fuzzifying topological space and the map is called
M-double fuzzifying quotient map.

Definition 2.5

Let (X,7.,7) and (¥.7,.7, ) be two (2,M)-double fuzzifying topological
spaces and for each B € 2". Then,

(i) The map fi(X, Tp )_> (¥, 2’7—*) is called an M-double
fuzzifying openess, if T](f_] (B) < /\Belez;(f(f_l(B))) and
T (B)2\/ ;T (S (ST (B)),
(ii) The map f:(Xa 1> )_>(Y, 29T*) is called an M-double
fuzzifying closness if 7,(/ ' (B)) 1< (\/ ;o T, (/(f ' (B)))) »>L and
T (ST (B) L= (A T, (S (ST (B)) L.
Theorem 2.2

Let Let (X,7), )and ¥,7,,7,)be two (2,M)-double
topological spaces, let f:(X,7;,7,") = (Y,7,,7, ) be a surjective an

fuzzifying

M-double fuzzifying continuous mapping. Then
M f:(X,7,.77)>(Y,7,,7,)is an M-double
openess, then f is M-double fuzzifying quotient map.

@ X7
then f is M-double fuzzifying quotient map.

fuzzifying
7)) —> (Y, 7,,7,) is an Mdouble fuzzifying closness,

Proof

(1) Only, should prove that 7, =7/. So, From Corollary 2.2 and



Khalaf

Definition 2.5 we have, 7,(B)<7/(B), 7, (B)=T "/ (B) for all B2
Conversely, we have

T/ (B)= AT(f(B) < Q(AHX T (/(B) = Q(AH\ T.(B))=T,(B),

iel’

T B) =T (f B2 (Vo TS BY) =/ (v, T (B)) = T((B).
3) "’Iirrivial. N i

Theorem 2.3.

A map ¢:2¥xM;xM, — 2" is called an M- fuzzifying closure operator

if for each 4,Be2*,rel, se L, with 7 < § —>_| . The operator €

satisfies the following conditions:
c) c(g,r,s) =9,
c(2) Acc(4,r,s),
c(3) If A< B,thenc(A,r,s) < c(B,r,s),
c(d) Ifr< rands>s withr <s =1 thenc(A,r,s)c c(4,r,s),
c(5) c(4 VA, rOr,s®s)=c(4,r,s)Ic(4,7,5), Then
the pair (X, ¢) is an M- fuzzifying closure space. An M- fuzzifying closure
space (X, ¢) is called topological if
c(6) c(c(A4,7,5)) =c(A,r,s) foreach 4,Be2*,rel,, seM,
with r<g—1.
Definiation 2.6
Let (X,¢) and (Y,c,) be two M-fuzifying closure spaces. A map
f:(X,¢)—>(Y,c,) is said to be a C-map if for all 4e2%,
reM,seM withr >s 1, f(c(4,r,9))<c,(f(4),r,5)).
Theorem 2.4
Let ¥ be asetand let {(X,¢,)},cr be a collection of an M-fuzzifying closure
spaces, let f;:X; = Ybe a surjective mapping for each ;i e I". Define a
mappings
c:2" xMyxM, —2" by ¢.(4,7,5) =\/fi(c; (7' (A),7,5)).
Then: .

(1) ¢ is an M- fuzzifying space on Y for each fiis ¢ -map,

@) f:(Y.c)=>(Z.c,) is Cmap iff cach fof:(X,c) > (Z,c,)is
C -map.

Proof
(1) c(1),c(3),c(4) and c(5) come directly from the definition of ¢ . For

c(2), we have,

c(4,r,5)= AT,(f;7 (DS (B))

> f(c;(f;' (A),7,5))

> cl.(fi(fi_l(A),r,s)) > A

Hence f; : (X,,c) — (Y ,c)is ¢ -map.
(2) (=) simple.

(<) Let fof, (X,c)>(Z,c;) be a C—map, we have
Sofile(4,r,s)<c,(fof(4).r,s))
It implies
Sle(A,r,)) = f\/fi(e,(f7 (A),7,5)))
=SS (Ar )
<c, (fo filSi (A, r,s
= cZ (f(A)a ra S)'
4

From Theorem 2.4 we introduce the following definition
Definiation 2.7

The structure € s called an M- fuzzifying operator on Y associated with the

families {(X,,c,)},. and (f);r-
Corollary 2.3
Let 1(X.,¢)}iar be a family of an M- fuzzifying operator, for

(i#j)eTand X, "X, =¢, X = JX.. 1ecid : X, > X be
iel”

ie

identity map for which Z € T".

Define the map ¢:2* x M x M, — 2% by
c(A,r,5) =\jid,(c,@id; (A),7,5)).
Then: -

(1) Cisan M- fuzzifying operator on Y for which idi is C -map,

@ f:(Y,c)>(Z,c,)is ¢c-mapiffeach foid, :(X,c,)—>(Z,c,)is C
-map.
Definiation 2.8

Let (X,c)be an M- fuzzifying operator. And Y a set, let f:X->Y
be a surjective map. Define the map CZZYXMOXMI — 2" by

¢! (4,r,s)= f(c (fil(A), 7,5)). Then (Y,cf) induced by fis
called an M- fuzzifying quotient space of (X, ¢)and the function f"is called
an an M-fuzzifying quotient map.

Theorem 2.5

Let Y be asetand {(X,,7}, 7;*)}1'51" be a collection of an (2,M)- fuzzifying

topological spaces, let f; : X; —> Y, be a surjective map for each i € T’
and

HE.™ Crr Vir  a collection of an M- fuzzifying
induced by {(X,,7, Z*)}iel' . Define the functions 7,
and 7 on Y by /\Bezy/]:(f71 (B)=27,(B) and

c

VTS BY ST (Byand the map ¢:27 x My x M, —> 2"
by (A 8) =\ 10y 1 (7 (AP Then

f(X, T, T))—> (Y, 1,7 )::1 M- fuzzifying continuous mapping.
Proof

Suppose there exists B € 27 such that A sy (/" (BNZET(B) and
V pn T, (F (B ZT (B) then there exists 1, € Ly, s, € L,
with ¢(X —B,r,s) = \/rﬁ(cT,,T,* (7 (X =B),r,s)=X—B
such that 7_(B) <1, < A,y T,(f ' (B)) and

T (B) 250>\ 5y T (/7 (B)),

On the other hand, we have

T.(X-B)=c(X-B,r,s)= i\e/rf[(cz.z, (' (X =B),1,5))

> ﬁ(cz,z* (X = f7'(B),7,5.
It implies

T.(f, BN =T.(X - [ (B) =c(X = [ (B).r.8) 2 fi(c, (X = [ (B)).1y5)) 2

operator

¢y (X[ (A)5) = 1(B) Then
T.(f (B) 2 A,y T,(f(B)) and by the same

ways T (B) <\/ ,_» T, (/7 (B)), we have

T.(f7'(B) <1, and T, ((f7'(B)) = s, , which a contradiction.

Hence f:(X,,7.,7)—>(Y,7.,7.)) an Mdouble fuzifying

J Pur Appl Math Vol 2 No 2 August 2018
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continuous mapping.

3. Totally Continuous in (2;M)-double fuzzifying topological spaces.
Definition 3.1
Let (X,7,7T%*) be an (2,M)-double fuzzifying topological space. Define an
(2,M)-double fuzzifying Interior operator I’T,T* 2% 5~ by:
Ly (D)= A (N TB AC v (T*(B))).

xeX xeX xeBcd xeX xeBcX-4

Definition 3.2
Let (X,7,7%be an (2,M)-double fuzzifying topological space. Define an
(2 M)-double fuzzifying closure operator C . : 2% 5 I by:
crr (A= AV v TB)->L) AW v (T*(B) D).

reX xeX xeBcX-A xeX xeBcX-A
Example 3.1
Let X ={a,b,c},L =[0,1] and. Let (X,7,7 *) be an (2,M)-double fuzzifying
topological space defined by
L If Be{X,¢,{a}}
T(B)=13 If Belichiac), T*B)=
0

(=]

If Be{X.p,{a}}
If Be{ic},la.ci}.

1
4
If ow. 0 If ow.
If A={a,b}. Then CT,,Tl* (A)(x) =1, and
IT.,TK“ (A)(x)=(0,0).
Definition 3.3
Let (X,7,7*%) be an (2M)double fuzifying topological
space. Let CT T+ Ay . If its extension
Crpt Ll > 1%, Crre(M)= U@ACr ru(A)(x). A L.
aec

Where Aa = {x : (A)(x) > a} satisfies the following statments:

) C,..(0=0,

Q) A<C,,. (D),

O C,.(Avu)=C, . (ADVC, (1), A e L”

@C,,.(Cor(ANEC,,.(A)AeL”,

Definition 3.4

Let (X,7,7*) be an (2,M)double fuzifying topological space and

Ac X.
(i) An

set  (briefly,

M-double  fuzzifying (7,7%— semi  open
ST - (A4)) of A, defined as

S, (A = A(C (L (D)),

(i) An Mdouble fuzsifying (7,7%)— semi closed set ( briefly,
SCr (A of A, if Sy .(A)N(x)—>Lis An M-double
fuzzifying (7", 7 *) — semi open,

(iii) (iii) AnM-double fuzzifying (7,7 *)— semi clopen set ( briefly,
SCL; ;.(A)) of A,if 4 has Sy 7.(A)and SC, ,.(A).

(iv)An M-double fuzifying (7,7 *)—
Py ;.(A))of A, defined as follows:

Pr i (A)x) = AT 7.7+(Co 7 (A)(X)),

(v) An M-double X?ljzzifying (7,7*)— pre closed set (briefly,
PC, ;.(A) of A, if P 7.(A)(x) —>L is An Mdouble
fuzzify;ng (7,7 *)— pre open.

(vi) AnM-double fuzzifying (7,7%)— pre clopen set ( briefly,

PCL; .(A))of A, if 4 has PT,T*(A) and PC, ;. (A).

follows:

pre open set (briefly,

J Pur Appl Math Vol 2 No 2 August 2018

Remark 3.1

An M-double fuzzifying (7, 7*) —clopen set ( briefly, CL;, ,.(A))of
A, ifand onlyif A has ngj*( ) and SCL; ,.(A4).

Example 3.2
In Example 3.1 A(CT.7+(L7 7.(A)(x)) = (0,0).

xeA

Definition 3.5
Let (X,’TI,TI*) and (Y,/TZ,IT;) be two (2,M)-double fuzifying

topological spaces.

Then,

() The map f:(X,7,,7,")—> (Y,7,,7,) is called an Mdouble
fuzzifying totally continuous (briefly, dftc), if for each B < 2¥ have
CT,T* (B)= I, 1. (B) = B, then,

Aser (S (B)2T,(B) and
Vs Dl (STH(B) ST (B).

(i) The f:(X,7,,7,") —> (Y,7T,,7,) iscalled an
M-double fuzzifying semi continuous ( briefly, df so), if for each
S B g ea’. p TS (B) 2 To(B) and
Ve D (STU(B) < T,(B).

(iii) The map fZ(X,Tl,TI*) - (Y,/Z;,T;) is called an M-double
fuzzifying totally semicontinuous (briefly, dftsc), if for each
SCL; 1.(B) of Be2", A,y T(/(B)2T,(B) and
VBez”,]]*(f_l(B)) = 7;*(3)-

(iv) The map f: (X,YI,Z*) - (Y,TZ,TZ*) is called an M-double
fuzzifying totally precontinuous (briefly, dftpc), if for each PCL; ;.(B) of
Be2”,

A T BN T(B) and /T (f T (B) < T (B).
Definition 3.6

Let (X,7,,7,") and (Y,TZ,T;) be two (2;M)-double fuzzifying topological
spaces and for each B € 2¥. Then,

(i) The map £ :(X,7,,7,") = (Y,7,,7,) is called an M-double

fuzzifying openess, if
(7,(B) = Ay (B and T, (B) 2/, T (f(B)),
(i)) The map f:(X,7,,7,) = (Y,7,,7,) is called an M-double
fuzzifying closness, 7;(B) > 1< (\/ ,  (TL(f(B)) =L  and
7T'(B) > 12 p ey T (S (B)) >L.

Theorem 3.1

Let f:(X,T,,7,") = (Y,7,,7,) beamapping. Then the following are

equivalent:

(i) f is a dftc mapping,

(i) f7'(B) isan CL; ;.(B)) of B. such that

T,(B) >12 A, (Z,(f(B))) and

Vsl (FT(B) 2T (B) —>L foreach pe2’,

(ii) Cr.7+(T,(B)) —>L= A, (Crr(T,(f(B)))and

\ 5w Crr (T (S (B) 2 Crir (T, (B) > for each Be2',
@) I7.7(T,(B) 12 A 4 Trr(T,(f 7 (B)) and

\ gy L7 7T (f T (B)) = T7.7+(T; (B)) —>L for each
Be2'.
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Proof
Follow directly from Definition 3.3 and Definition 3.5
Definition 3.6
Let (X,7,7%*) be an (2,M)-double fuzzifying topological space and
Ac X.
(1) An M-double fuzzifying (7,7 *) — generalized
closed set GC, 1.(A) of A, defined as follows:

GCT,T* (AD(x) = A\ (CT,T* (A(x),

xeA

(i) An M-double fuzzifying (7,7 *)—
GOy 7.(A)of A, if GOy 7.(A)(x) —L is an M-double
fuzzifying (7,7 *) — generalized closed.

Definition 7.7
Let (X.7,.7)and (Y.7,,7;) be two (2,M)double fuzifying

topological spaces. Then,

generalized open set

(i) The map f:(X,7,,T,) > (¥,T,,T,) is called double fuzzifying
irresolute if, An M-double fuzzifying (7,7 *)—semi open set
of Ape(LBNS(C (U (T,(f(BYX) and
V(L (B)2(C (I (T (fT (BN,

(i) Themap f:(X,7,,7,)) > (¥.T,.T;)
is called double fuzzifying pre semi close, if
A (€0 (T BNE)>L(T(C, (L, (T B))) >L)and
Vi (C (I (T/(B)>L)>((C, (I, (T, (f(B)—>L),

Definition 3.8 Let (X,7,7%) be an (2,M)-double fuzzifying topological
spaceand 4 < X.

(i) An M-double  fuzifying (7 ,7*)—semi
closed set SGC,,.(4) of A4,

ACr (DX = A(C (T (A(x))),

xed xed

(i1)) An M-double fuzzifying (7,7 *)—semi generalized open set
SGOr 7.(A) of A, if SGO; ,.(A)(x)—>L is an M-double
fuzzifying (7,7 *) —semi generalized closed,

generalized

defined as  follows:

Theorem 2.1

Let (X,7,7%*) be an (2,M)-double fuzzifying topological space.

(1) Let A= X, A hasan SGC; ;.(A)then B hasan SGC; ,.(B).
() 1f A hasan SC; ,.(A), then it has SGC; 7.(A).

Proof

Follow directly from Definition 3.3 and Definition 3.8

Remark 3.1

The converse of (2) in Theorem 2.1 is not true in general.

Remark 3.2

Let (X,7,7%*) be an (2,M)-double fuzzifying topological space. Let 4 = B,
then the concepts of SC, ,.(A), and SGC; 7.(A)are independent
concepts.

Theorem 3.2

Let (X,7,7%*) be an (2,M)double fuzifying topological space. Define
the an operator semi generalized M-double fuzzifying closure operator

SGCy ;.:2% > L" by:
SGCr 1 (AX)= A vy T(B)—D),

xeX xeX xeBcX-4

AC v T*(B))—>1)). Such that B has an SGC, .(B), the operator

xeX xeBcX-A

SGCy 1, satisfies the following statments:
() SGCy () =0,
Q) ANT (D, T*(A)<SGCr 7. (A),

(3) SGC; 7.(AUB)>(SGCy .(A) v (SGC; 1.(B)),
#) SGC; 1.(SGC; 1.(A)) = SGC; 1.(A)

(5)If A hasan SGCT,T*(A) then it has
SGCy r.(AD= A (T (A), T *(A)),

xeX

(6) ASGCrre(AX) € AGCr 1. (A)X) € ACr 7 (A)).

xeAd xed xed

Proof

Follow directly from Definition 3.3 and Definition 3.8
Theorem 3.3

Let (X,7,7*) be an (2,M)double fuzzifying topological space. Define
the an operator semi generalized M-double fuzzifying interior operator
SGI; ;. 2% > LF by:

SGl; 7 (D)= AV v TB), ANC v THBY.

xeX xeX xeBcX-A xeX xeBcX-4

Such that B has an SGI; 7.(B).The operator

SGI; 1. (X — A)(x) =SGI; ;.(A)(x) —>L.

Theorem 2.4

Let (X,7,,7,") and (¥Y,7,, 'Tz*) be two (2,M)-double fuzzifying
topological spaces. Then the map f : (X, 71,7’1*) =l (Y’7;a7-2*) is
called

() df ap —irresolute if £~ (B) has an SCT"TI‘ (B)for eachBc= Y
has an SC. . (B),

(i) df ap — semi closed if f(A) has an SCT,,T[ (A4) for each 4 cY
has an SCTZ’T; (A).

Definition 3.10

Let (X,7,7*)be an (2,M)-double fuzzifying topological space. A set A

is called double fuzzifying semi clopen (for short, df" clo — set ), if it has an
SCr 7.(A) and SC; 7+(A) foreach 4= X.

4. Characteraizations of (2,M)-double fuzzifying topology

In this section M is assumed to be a completely distributive complete
residuated lattice, where M/ satisfies the double negation law. In (Corollary
2.15 (Hohle) (2)) proved that the M-fuzzy contiguity relations and (2,M)-
fuzzifying topologies are equivalent notions if L is a completely distributive
complete MV-algebra. In the following we prove that M-double-fuzzy
contiguity relations and (2,M)-double-fuzzifying topology are equivalent
notions just if L is a completely distributive complete residuated lattice
satisfies the double negation law so that we give a generalization of U.
Hohle's result. In (Hohle (2)) the concepts of (2,M)- fuzzifying topology and
(2,M)- fuzzifying neighborhood system are equivalent notions. Then our
generalization of {J. Hohle's result is obtained if we prove that,

(1) (2,M)double fuzifying topology and (2,M)- double
neighborhood system,

fuzzifying

(2) M-double fuzzifying contiguity relation and (2,M)-double fuzzifying
neighborhood system,

(3) M-double fuzifying interior operator and (2,M)-double fuzzifying
neighborhood system are equivalent notions.

Definition 4.1

Let X be anonemptysetand x € X.If L satisfies a completely distributive
law. Then the pair (N, N:) e [*¥ is called an (2,M)-double fuzzifying

J Pur Appl Math Vol 2 No 2 August 2018
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neighborhood system of x if satisfies the following conditions:

(DN = )N, (A) <N (4) —>L, foreach 4 2% And

N(X)=N($)=T, N(X)= N (#)=L Vxe X, (Boundary

conditions)

(DN — £,)N (AN B)= N.(A) A N.(B),and

N(ANB<N.(A)v N.(B) foreach 4, B e 2* (Intersection

property)

(DN —u;)N (A =T, N;(A) =L whenever x & A (DN —u,)

Foreach x € A, VB € P(X),

N (A =/ (N, (AV N.(B))
yeB

N (A)= A(N,(A) AN (B)).
yeB

Theorem 4.1

Let the pair (V,, N:) be an (2,M)-double fuzzifying neighborhood system.

And (X,7,7*)be an (2, L) — double fuzzifying topological space. We

define the maps (7 (,,>7 * )+ LY — L as follows:

T(NX)(A) = \/NX(A)> T*(N:) (4) = /\N:(A)

xeA xed

and

Then the pair (7" (> 7 * ) isan (2, ) -double fuzifying topological
space induces by (2,M)-double fuzifying neighborhood system (N, N.).
Let (7,7 *)be an (2,L)—double fuzzifying topological space. We define
the maps (N, ), (N.) . : LY —> L as follows:

(N7 (D) =T (A, (N)7.(D=T *(4D) —>L

Then ((N,)7, (N:, )7+) is an an (2,M)-double fuzzifying neighborhood
system induces by an (2,L)-double fuzzifying topological space on X.

Furthermore (7" (y , 7 *(Nf)r‘) =(7,7T%).
Proof
(A) (DO1) Foreach 4 € LY,
Ty (D L= (AN () >L
= (N (4)—>1)
xeAd
2 /N, (4)
xeAd
= T(NA)(A).
(DO2) T(NX)(X) = /\Nx(X) =T, T(NX)(¢) = /\Nx(¢) =T and
xeA xeAd
T*(N:) (X)= \/(N:(X) =1, T*(N:) (P = \/N:(¢) =1
xeAd xeA

(DO3) for each A, B €2~
Ty (ANB)= s N.(ANB)

xeANB

>\ (V,(A)AN,(B))

xeANB

=(vT (AT (B)

xeA xeB

= T(NX)(A)/\T(NX)(B)'

and
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T*, (AnB)= A N.(ANB)
xXeANB
< A (N(AANIB)

xeANB

= (AN (D) A(AN,(B))

xeA xeB

=T* . (DAT* . (B).

(NY)

(DO4) For each

{4,:ieT}c 2™

T(Nx)(UiEFAi) = \/Nx(UieF Az)

xed;

=v v WV.(4)

xed; xe4;

=(v7(4))

xed;

> /\T(Ai)

xed;

and

(N;)T*(Uiel' Ai) = /\T*(Uiel' Ai)

XE4;

SAVITH4)

xed; xe4;

=v AT *(4))

xed; xe4;

=\ (N)7(4)

(B)

(DN = f)(N )7 (A) =T (A) < T *(4) >L=(N,);.(4) >L,
(N (XD)=TX)=T, (N (@) =T (#)=T and
(N)yu(X) =T *(X) =L, (N)),;.(§) =T *(§) =L Vx e X,

(Boundary conditions)

(DN — f) Foreach A, B € 2% (Intersection property)
(N)7(ANB)=T (AN B)
>7T(A)AT(B)
=(N,)7 (A A(N,)(B)
=N, (4A)AN,.(B)

and

(N (ANB) =T *(ANB) —>L
<(T*(A)v(T*(B) —>L
> (T *(A) > DA (T *(B)—>1)
<(N)7.(A) v (N}).(B)

(DN —u,) whenever x & 4, (N:):r* (A)=T*(A) >1=T

and (N) (A) =L .

(DN —u,) | A=, 4,
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(N7 (A) =T (v, 4) < AT (4)

iel

<(v (T (DHVvT(B))

yeB

< (Vv (N7 (ADV (N (B)

yeB

and

(N (A) =T *(U,4) L
<(vT*A) L
> (AT *(4)—>1)

= AAWND 7 (A) AN 1.(B))

iel yeB

(O, (D =/ (NI (D =\/T (A =T (A 4q

Ty (A= AND () =T *(A).

Definition 4.2

[P0

Let X be a nonempy set. An element (c,c*) e is called an

M-double fuzzy contiguity relation on X iff C fulfills the following axioms:
(DC)C(x, A) < c*(x, A) > L, forevery x € X and A € 27,
(Dcy)e(x, AU B)<c(x,A)v c(x,B),and

c*(x,AU B)>c*(x,A) Ac*(x,B) (Distributivity),

(Dcy)e(x, A) =T,and c*(x, 4) =L whenever x € A4,

(D) (A, D) Ac(x,B)<c(x, ) and

veB

ver(, ) ve*(x,B)yzc*(x, 4) (Transitivity).

yeB

Theorem 4.2
Lete (X,T,7%be an (2,L)—double fuzifying topological space.
We  define the maps (Cp,Cpa): X x2% — Las
cr (x, =T (X —A) —>L, cru(x,4) =

the pair (¢, ,c;.) is an M-double fuzzy contiguity relation on X induces by

follows

7 *(X —A4)—>L Then

(2, L) —double fuzzifying topological space (X, 7,7 *).Let (c,c*) be an
M-double fuzzy contiguity relation on X. Define (7_,7..):L" — Las
follows: 7,(A) =c(X, X — A) =L, T..(A) =c*(x,X — A4).Then
(7.,7.)is an (2, L) —double fuzzifying topological space on X~ induces
by an M-double fuzzy contiguity relation on Y . Furthermore

. * ) — *
(7,7 )=(T.T*) and (c7,¢*;.) = (6;¢™).
Proof

X

(A)(DCI)Foreach Ael ,c*T. (x,A) —l=

(T"(X-4)>L) >1>T (X - 4) >1=C; (x. 4),
(DC,)Foreach A,B eL",

¢ (x,AUB)=T (X —(4—B))—>L

=T((X-4)n(X-B))—>L
<(T(X-A)>L)vT(X-B)—>Ll)

=c¢; (x,4)vC, (x,B)

and

o (x,AUB)=T" (X -(4UB))—>L

T ((X-4)n(X-B))>L
(T )T (X-B)—>1)
(T

IN

X-

(
K

vV

A
X-4 —>J_)V’T (X-B)—>1)
¢ (xA)ve,. (xB)

.(x,A)=T*(X—A) =landc; (x,A)=T

IV

(DC3)Forxe A,c*7

(nC,)

Cr (x5, A)=T (X —4)>L
> (};/B(’T(X—A))v (T(B))) -1

" Z(y/E\B(T(X—A)—)J_))/\(T(X—B)—>J_)
(5,0 ()| nCs (x.5).

B)) -1

S(/\ v (T*(X—A))/\T*(X—
(

yeB yeB
v c*f (y,A))/\c*T, (x,B)

yeB
(B)
(DOI) foreveryx e X and A€2*,T" . (A4)—>1=
¢ (¥, X = A) 51> C(x, X - ) =T> T, (A)

(DO2)T(X)=e(X.4) > L=L>L=T.T:(¢)=c*(x.X)=LT:(X)=

(DO3)

T.(AnB)=c(x,X—~(4nB)) > L
=X = HUX-B)
>c*(X, X —A) Ac*(x
<T.(x,A)AT.(x,B)

T.(ANnB)=c(x,X—(4NnB))—>1

=c*(x,(X —A)U(X - B))
2c*(X, X —A) Ac*(X
<T.(x, A)AT.(x,B)

(D04)

Te(U,r4)=C(x, X =(U,p4,)) >L

< ((y/E\BC(y, N (X—A,.)))A C(x,B)) -1

> ((,,ZB C(y, N(x-4 ))) —>J_)v (C(x,B)—>1)

(A Te (WU )V T (5. X - B),

_/\IEF C(A)
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T; (UieF Ai) =C (va _(UieF Ai))
(ych( —(U,ErAl.)))vC*(x,B)
~(y7 (x,(UierAi)))vT; (x.X-B),

yeB ¢

<vT" (Ai)

iel ¢

(O)T., (A)=Cr (x, X —4) > 1=T (4), T; ‘ (4)=C",. (. X-4)=T"(4)
And C;, (x,A) =T, (X—A) %L:C(x,A)andYC',[

Theorem 4.3

(nA)=T (X~ 4) >L=C"(x.4)

Let (X, N,.N}) be an (2,L) double fuzzifying neighborhood system of x.

We define the maps [C(N )’c*(N*)) c X x2% - [ as follows:

c(N\)(x,A)z(Nv)(X—A)aJ_,c( ) (% A4)=(N:)(4)>L Then the pair

c ¢ . is anM-double fuzzy contiguity relation on X induces
(Vy)? (NX)

by (2,) double fuzzifying (X N, N*). Let (C C*)be an M-double

fuzzy contiguity relation on X. Define (N, ) ( ) (LY > L as

follows: (Ny), (4)=c(x, X =4)>L(N)).(4)=¢ (%, X = 4) Then
(V0)..(N).) i an (2,L)double fuzifying neighborhood ~system
induces by an M-double fuzzy contiguity relation on X.Furthermore
(Vo)) (V] ) = (NN )and(c(NX)(,c*(N”X . ) =(ec).

Proof (A) X

(DC1) For each 42", whenever

e X, (5,4) =(N)(X =) =(N,)(X = 4) >L=((V]) . (X - 4) >L) >

LT > 1=1<((N)(4) 1) L (X =4)>L.(DC2)

Cry (6 AUB)=(N,)(X ~(4UB))>L
=(N)((X =)~ (X -B))>L and
S(N )(X = 4) > L)v(N,)(X-B)—>L)
vy (e A)vey, (x.B)
c( (x, AUB =(N) AUB))
<(N)(( )( )v(N)(B) )—u
>(N7)(4) >L)A(N)(B) 1)
=(V), (& A)A(V),. (x.B)

(DC3) whenever X € 4,

€y (2 A)=(N)(X =) >L=T.and ¢ . (v, 4) =L (pcy
VBeP(X),

G (3 )(N)@'AyéL

v(N,)(B))) L

(M(N J(x-4 ﬂ)) v((N)(x-B)>1)

Yy

(A6 0 ) rci ()

J Pur Appl Math Vol 2 No 2 August 2018

and

(B)
(DN = 1) forever x € X and
(Ny). (N )(A)=c(x, X - 4) >L<c (x, X - 4) >1=(N; )(,(A)e

L(Ny)e(X)=c(X,6) > 1=L>1=T,(Ny ) (¢) =T

(M) (9)=¢ (2. X)=L(Ny). (X)=L

x (X - B))) -1 and

= (x <X A)o(x - 5)
> (" (o0 (X = ) v (e
( Xl A(N')(B>

x,(X - B)))

(DN—M3) whenever X & 4,
(Ny),(A)=c(x. X = 4) >1=T—>1=1,and(Ny}).

(DN—M4) Foreach x € A,and 4, B e2*
(Ny). (Ad)=c(x, X -4)—>L
},Eg(c(y,X—A)/\c(x,X—B)))—)J_

(
g(xg( (v, X - A)—)J_)) (c(x.X-B)—>1)
(

) :
(-
(
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(©N,),.

e (A)=(N
Definition 3.3. Let X be a
(C ). )*°):2¥ - L¥is called an
interior operator if (1 )°( )*°) satisfies the following conditions:

(1°)(A4)°=(A4)*°> —>Land (X)°=T,(¢)*° =L

(29) (4 BY = (A)° A(B)". (A BY=> = () >~ (8)*"

(3°)(A)°<A,4=<(A)*°,

(49)(4)°(x) = v, ((4)°(2)v (B)°(x))-(A)**(x) < A ((4)*°(2) A (B)**(x)).

Theorem 4.4

Let (N.,,N.) be an (2M)double fuzzifying

system of x. We Define (( )°( )*°)NY‘N;, 2% > 1Y as follows:

(Vi) o (4) = (A)°(6), (VT ) o (4) = (4)*°(x)- Then (()%()* i, ms

is an M-double fuzzifying interior operator induces by (2,M)-double fuzzifying

(4) =y (5, X = ) L= (N, ) (A), (V] )(."v. ) =(¥))(4)
v) (X =A)>l=(c(x.4) > L) >l=c(x,4),c"

and A):c“(x—A)4

.

nonempty set.

(2,L)-double

A map
fuzzifying

neighborhood

neighborhood system of x. Let (( )°( )*°) be an M-double fuzzifying

interior operator.

We Define (NX»N:( )(( ) 2V LY s

()on (D) =Ny, (), () = N3 (A).

Then (Nxa Ny )(( Jo( )y IS an (2,M)-double fuzzifying neighborhood
systemof x induces by M-double fuzzifying interior operator

(( )o,( )*o) on X . Moreover (NX;NX )(( ¥ )*u)(\‘v)ﬂ}]

it (OO NN =(00)%),

Proof

=(Ve5)

(A) Foreach 4 2%,

(DN= )N,y (4) = (4)°(5) = () L (N7 ().
And, (N, ) (X) = (X)°(x) = To(Ny ) - (#) =(#)°(x) <(¢)*° > L=l L=T
and (V3| () =(X)**(x)= (X)° 1= T>L=L (V) (8) =(9)**(x) L,
(DN - f,)foreach 4, B e2¥

(Ny ) (ANB)=(4NB)* 2 (4)*(x)A(B)*=(Ny) . (4) A (Ny) . (B)
and(N}) | (AN B)=(ANB)* < ()= () (B =(;) . (A)v(V), . ()
(DN —u;) whenever

xg A(Ny) . (4)=(4)°=Land (N} ) . (4)*°=T (DN ~u,) for

each x € A4,

10

and (V) ()= ()72 A (V) () AN, (8)()

((B)(1°) foreach A€ 2" ( )°n, (4)=

andVxe X,( )°

and (),
(2°) foreach 4,B € 2* ( )°N (4NB)=

and( )*

10.

11.
12.
13.
14.

15.

Ny (A)< N, (A) > L= (4)*(x) >L=( ¥ (4)>L

b (D) =N () =T ), ()= Ny (4)=T
—L()*, (9)= Ny (9)=1

Ny (ANB)2 N (B)=( )°x, (4)A( )°w, (B).
(AN (B)=( )y, (A)v()*°y, (B):

L (X) =N, (X)

s (ANB)=N; (4NB)<N

A
S
3
)
8
Q
=
=
m
N
=
-
—
N
I
=
=
S
=
"
<
=
=
P
N
=

) <
=

— = =
%
=
=
]
<
=~
=
—
S
=
=
<
N
<
=
-
=
%
=
=
=
2
=

¥ (A)A()*e, (B)) VBeP(X).

o (4)=(N, N)(4), and

N ))
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