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INTRODUCTION

Most of the nonlinear ODEs have no explicit solutions and too 
complicated to analyze the principal fea- tures of this solution.

Hence the study of nonlinear mathematical problems is the most time-
consuming and difficult task for researchers dealing with nonlinear models 
in the natural sciences, engineering, and scientific computing. A variety of 
analytical asymptotic and approximation techniques have been developed in 
recent years to determine approximate solutions. Among of these techniques 
the varia- tional iteration method is one [1]. The variational iteration method 
gives rapid convergent successive approximations without any restrictive 
assumptions or transformation that may change the physical behavior of 
the problem using the iteration of the correction functional. For nonlinear 
equations that arise frequently to express nonlinear phenomenon, the 
variational iteration method facilitates the com- putational work and gives 
the solution rapidly if compared with Adomian method [2]. The modified 
variational iteration method is remarkably effective for solving various types 
of ODEs of distinct orders. This method is a very promoting method, which 
will be certainly found widely applications.

By analyz- ing the obtained results and procedures used in modified 
variational iteration method and variational iteration method we observed 
that the modified variational iteration method facilitates the computa- tional 
work and minimizes it and this method cancels all the unsettled term in 
variational iteration method, also this method is faster than variational 
iteration method and save time [3].This paper is an extension of the work 
done in (M.A. Fariborzi Araghi, S.Gholizadeh Dogaheh, Z.Sayadi, 2011) 
which shows a new application of MVIM and Fourier series for linear and 
nonlinear non-homogeneous ODEs.

The modified varitional iteration method for solving linear and nonlinear 
or- dinary differential equations

In the work of (M.A. Fariborzi Araghi, S.Gholizadeh Dogaheh, Z.Sayadi, 
2011), the modified varitional iteration method for solving linear and 
nonlinear ordinary differential equations (MVIM) proposed and applied to 
solve many differential equations. Hence, Accordingly we have the following 
formula to solve linear and nonlinear ordinary differential equations.

First Order ODEs

Let us consider the first order linear ODE of a standard form

( ) ( ) ( ), 0jy p x y q x y α+ = = 	  		                (1)

Then the MVIM formula used to solve equation (1) is given as:

∫ 
x ( )1n ny x y+ = − ( ) ( ) ( )1 , 0( )n np t y t y t dt n−− >  		                (2)

where, ( )1 0 10, 0y y y andyα− = = =  is obtained from: 

∫ 
x
 ( )1 0y x y= − ( ) ( ) ( )0( )p t y t q t dt− 		                 (3)

Second Order ODEs

Let us consider the second order linear ODE of a standard form

( ) ( ) ( ), 0 , 0jj j jy ay bu g x y yα β+ + = = = 		               (4) 

Then the MVIM formula used to solve equation (4) is given as [2]:

∫ x ( ) ( ) ( ) ( ) ( )1 11( )( ( ) ( ( ) , 0n n n ny x y t x a yn t yn t b y t y t dt n+ −= + − − − + − >    (5)

where, y−1
 = 0, y0 = y(0) = α + βx and y

1
 is obtained from:

∫ x ( ) ( ) ( ) ( ) ( ) ( )1 0 0 10 1( )(( ( ) ( ( ) )y x y t x a y t y t b y t y t g t dt−= + − − − + − −            (6)

Third Order ODEs

Let us consider the second order linear ODE of a standard form

( ) ( ) ( ) ( ), 0 , 0 , 0jjj jj j j jjy ay by cu g x y y yα β γ+ + + = = = =                            (7)

Then the MVIM formula used to solve equation (7) is given as [2]: 

∫ x  ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1( ) [ (1 / 2!  1 1 ,) ( )  ( )] 0n n n ny x y t x a yn t yn t b yn t yn t c y t y t dt n+ −= − − − − + − − + − >  (8)

∫ x ( )1 0 1 / 2!y x y= −

( ) ( ) ( ) ( ) ( ) ( ) ( )1( )[ ( ) ( ) ( )1 ]1  n nt x a yn t yn t b yn t yn t c y t y t g t dt−− − − + − − + − −                 (9)

Fourier Series of a periodic function with a period 2π

The Fourier series of a periodic functions on the symmetric interval [−π, π] 
is given by [4,5]:

( ) ( ) ( )0 1
            k kk

f x a a cos kx b sin kx
∞

=
= + Σ +   		             (10)

where a0, ak and bk  are called the Fourier coefficients and defined as: 

π∫ ( )0 1 / 2  a f x dxππ −=

π∫
( ) ( ) 1 /k

f x cos kx dx
a π

π
=

−

Where, k = 1, 2, 3, ...

π∫ ( ) ( )1 /kb f x sin kx dxππ−=  

Where, k = 1, 2, 3, ...
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DERIVATION OF  MODIFIED  VARIATIONAL  ITERATION  
METHOD  AND  FOURIER SERIES OF PERIODIC FUNCTION 

WITH A PERIOD 2 FOR SOLVING NON-HOMOGENEOUS 
ORDINARY DIFFERENTIAL EQUATIONS

Derivation for First Order ODEs

Let us consider the first order linear ODE of a standard form:

( ) ( ) ( ), 0jy p x y f x y α+ = = 			              (11)

Where f (x) is a periodic function on the symmetric interval [−π, π], such that 
its Fourier series ex- pansion is:

( ) ( ) ( )01
   k kk

f x a a cos kx b sin kx
∞

=
= Σ + +  

Hence, the MVIM formula used to solve equation (11) is given as [6] follows:

∫ x ( ) ( ) ( ) ( )1 1( ) , 0n n n ny x y p t y t y t dt n+ −= − − > 		              (12)

where, y−1 = 0, y0 = y(0) = α and y1 is obtained from:

∫ x ( ) ( ) ( ) ( )1 0 0   ( )y x y p t y t f t dt= −

0y= − ( ) ( ) ( ) ( )0 0
1

( ( ) )k k
k

p t y t a a cos kt b sin kt dt
∞

=

− + +  ∑

= ( ) ( ) ( ) ( )0 0 00
1

 (
x

k k
k

y p t y t a a cos kt b sin kt dt
∞

=

−   − − +∑∫

= ( ) ( ) ( ) ( ) ( ) ( )0 0 00 0 0
1

( [ ])
x x x

k k
k

y p t y t dt a p t dt p t a cos kt b sin kt dt
∞

=

− − − +∑∫ ∫ ∫

= ( ) ( ) ( ) ( ) ( ) ( )0 0 00 0 0
1

[ ]
x x x

k k
k

y p t y t dt a p t dt p t a cos kt b sin kt dt
∞

=

− − − +∑∫ ∫ ∫

= ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 00 0 0
1

0
[ ]

x x x x

k k
k

y y t p t dt a p t dt a p t cos kt b p t sin kt dtdt
∞

=

− − − +∑∫ ∫ ∫∫            (13)

Derivation for Second Order ODEs

Let us consider the second order linear ODE of a standard form

( ) ( ) ( ), 0 , 0jj j jy ay bu f x y yα β+ + = = = 	   	              (14)

Where f (x) is a periodic function on the symmetric interval [−π, π], such that 
its Fourier series ex- pansion [7]  is:

( ) ( ) ( )0
1

   k k
k

f x a a cos kx b sin kx
∞

=

= + +  ∑
Hence, the MVIM formula used to solve equation (14) is given as follows:

( ) ( ) ( ) ( ) ( )1 10
( )( ( ) (1   , 0)  (

x

n n n ny x y t x a yn t yn t b y t y t dt n+ −= + − − − + − >∫        (15)

where, y−1 = 0, y0 = y(0) = α + βx and y1 is obtained from:

( ) ( ) ( ) ( ) ( )01 1 100  ( )(( ( ) ( ( ))(  )
x J J

ny x y t x a y t y t b y t y t f t dt− −= + − − + − −∫

( ) ( ) ( ) ( ) ( ) ( )0 0 1 00
1

( )(( ( ) ( ( ) (0 1   ))
x

k k
k

y t x a y t y t b y t y t a a cos kt b sin kt dt
∞

−
=

 = + − − − + − − + +∑∫

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )0 0 1 00 0
1

( ( ( ( )( )0 1  
x x

k k
k

y t x a y t y t b y t y t dt t x a a cos kt b sin kt dt
∞

−
=

 = + − − −  + − − − + +∑∫ ∫

( ) ( )
1

0 0 1 00 0 0
( )(( ( ( ) ( )) ( ( ( ) ( )) (0 )1  ( ) )

x x x

k
k

ky t x a y t y t b y t y t dt a t x dt t x a cos kt b sin kt dt
∞

=
−   = + − − − + − − − − − +∫ ∫ ∑∫

( ) ( ) ( ) ( ) ( ) ( ) ( )1 0 0 1 00 0 0 0
1

( )(( ( ) ( ( ) ( ) ( ) ( ) ]0 1 [   
x x x x

k k
k

y x y t x a y t y t b y t y t dt a t x dt a t x cos kt dt b t x sin kt dt
∞

−
=

= + − − − + − − − − − + −∑∫ ∫ ∫ ∫ (16)

Derivation for Third Order ODEs

Let us consider the third order linear ODE of a standard form

( ) ( ) ( ) ( ), 0 , 0 , 0jjj jj j j jjy ay by cu g x y y yα β γ+ + + = = = =           (17)

Where f (x) is a periodic function on the symmetric interval [−π, π], such that 
its Fourier series ex-pansion is:

( ) ( ) ( )0
1

  k k
k

f x a a cos kx b sin kx
∞

=

= +   +∑

Hence, the MVIM formula [8] used to solve equation (17) is given as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 10
( )[ ( ) (1 / 2! 1 1 , 0) ( )]

x

n n n ny x y t x a yn t yn t b yn t yn t c y t y t dt n+ −= − − − − + − − + − >∫ (18)

( )1
2

0, 0, 0 / 2xwhere y y y xα β γ− = = = + +  and 1y  is obtained from:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 0 1 1 10
( ) [ ( ) ( ) (1 / 2!  ] ) 

x jj jj j j
n n n n n ny x y t x a y t y t b y t y t c y t y t g t dt− − −= − − − + − + − −∫   (19)

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )0 1 1 0
1

1
2

0
( ) [ ( ) ( ) ( ) ( ]1 / 2!

x jj jj j j
n n n n n n k k

k
y t x a y t y t b y t y t c y t y t a cos kt b sin kt dta

∞

−
=

− −= − − − + − + − +− +∑∫

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )2 2 2
0 0 01 1 10 0 0

1
[( ) ( ( ) ( ) ( )] ( ) ( ( )1 / 2! 1 / 2! 1 / 2! ]

x x xjj jj j j
n n n n n n k k

k
dty t x a y t y t b y t y t c y t y t a cos kt b sin kta t x dt x dta t− −

=
−

∞

− −= − − − + − −− + ++ +∫ ∫ ∫ ∑

( ) ( ) ( )2 2
1 0 1 00 0 0

2

1
0

[( ) ( ( ( ) ( )) ( ( ) ( )) ( ( ) ( ))1 / 2! ) ( ) 1 1 1 / 2! [ ( ) ( ) i ]s n
x x x

n n k k

x

k
y t y t x a yn t yn t b yn t yn t c y t y t a t x dt a t x cos kt dt b t dtx kt

∞

−
=

= − − − − + − − + − − − + − + −∫ ∫∑∫ ∫   (20)

APPLICATIONS

There are non-homogeneous differential equations with a discontinuous 
functions,involves in the application of differential equations such as; 

Steady-state damped oscillations,Rectifier and RLC-circuit in Physics [9] . 
Hence to solve such type of equations the modified variational iteration and 

Fourier series of periodic function is one of the most powerful method.

Example 1:(Steady-state damped oscillations)

Apply MVIM and Fourier series to find the steady-state oscillations of

( ) ( ) ( ), 0 1, 0 0jj j jy cy y r t y y+ + = = = 			              (21)

with c > 0 and as given. Note that the spring constant is k = 1, where, r(t) is 
the external force depending on time t and given as follows;

( ) 1   0r t if tπ= − − < <  

1 ,0if t π< <  ( ) ( ),  2and r t r tπ+ = 			              (22)

Solution

To solve this non-homogeneous differential equation with periodic 
function, by modified variational iteration method and Fourier series, we 
first represent r(t) by a Fourier series as follows;

( ) ( )4 / , 1,3,5,...r t k sin kt kπ= =

Then let set c = 1,such that equation (22) becomes;

( ) ( ) ( ) 4 / , 0 1, 0 0jj j jy y y k sin kt y yπ+ + = = =                                    (23)

Now, let apply MVIM and Fourier series;

( ) ( ) ( ) ( ) ( )1 1 , 0)[ ]n n n ny x y t x yn t yn t y t y t dt n+ −= + − − − + − >∫       (24)

where, y−1 = 0, y0 = 1 and y1 is obtained from:

( ) ( ) ( ) ( ) ( ) ( )1 0 0 10 0
0 1( )[ ] ( )

x x
y x y t x y t y t y t y t dt t x k sin kt dtπ−= + − − − + − − −∫ ∫   (25)

( ) ( ) ( ) ( )1 0 0
[ ] ( )4 /1 1 0 1 0

x xjy x x t x dt t x k sin kt dtπ⇔ = + − − + − − −∫ ∫

( ) ( )1 0 0
1 ( ) ( )4 /

x x
y x t x dt t x k sin kt dtπ⇔ = + − − −∫ ∫

( )1 0 0 0
1 4 / sin( ) 4 / sin( ( ))

x x x
y x t x dt k t kt dt k x kt dtπ π⇔ = + − − +∫ ∫ ∫
( ) 2 2

1 0
1 1 / 2 4 / / cos( ) 4 / 1 / cos( ) 4 / 1 /

x
y x x x k x k kx k k kt dt x k kπ π π⇔ = + − − − − + +∫

( ) ( )2 2 2
1 0

1 1 / 2 4 /  4 /
x

y x x k cos kt dt kπ π⇔ = − − +∫
( ) 2 2 2

1 1 1 / 2 4 / sin( ) 4 /y x x k kx kπ π⇔ = − − +                                                               (26)

Then, to obtain the numerical solution, we continue the iteration by 
substituting the value of equation (26) in to equation (24), 

such that we can obtain 
2y  as follows:

( )
02 1 1 10 0( ) ) ( )) ) (( (

x jjy x y t x y t t t t dty y y= + − − + −∫
=  2 3 2 2 3 2 3 2

0
1 1 / 2 4 / sin( ) 4 / ( ) 4 / cos( ) 4 / 1 / 2 4 / sin( ) 4 /

x
x k kx k t x t k kt k t k kt k dtπ π π π π π− − + + − − − + − − +∫

= 2 3 2 2 2 3 3 3 2

0
1 1 / 2 4 / sin( ) 4 / 4 / cos( ) 4 / 1 / 2 4 / sin( ) 4 /

x
x k kx k t k kt k t t k kt t k dtπ π π π π π− − + + − + − − +∫

2 3 2 3 2

0
  4 /  cos( ) 4 / 1 / 2 4 / sin( ) 4 /

x
xt x k kt x k xt x k kt k dtπ π π π+ + − + + −∫

=   
( )

( ) ( )

2 4 3

2 2

2 3

4 4 3 4 2

4 4

22

5

2

4 / / 8 / 3

4 / 4 / 4( sin( ) cos( ) 1) 4

1 1/ 2 4 

3 2(sin( ) cos( ) )
2 6

4 24 24 24 24

x k k x x

k k x

sin kx

x k x k x k kxsin kx kx xcos kxkx kx kx kx x kx k
k k

x
k

π

π π

π

π π
π π π

+ −− −

+ − + − − +

−

+ + − −
+ − − +
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Where, k = 1, 3, 5, ..

RLC-Circuit

Apply MVIM and Fourier series to solve RLC-circuit equation.

( ) ( ) ( )1 , 0 1, 0 0jj j j jLI RI I E t I I
c

+ + = = =                  	                (27)

In  equation  (28),  find  the  steady-state  current  I(t)  in  the  RLC-circuit,  
where  R  = 100Ω, L = 10H,C = 10−2F and E(t)  as follows and periodic with 
period 2π, then equation (27) becomes:

( ) ( ) ( )10 100 100 , 0 1, 0 0 jj j j jI I I E t I I+ + = = =                                    (28)

where, E(t) is given by:

( )
( )2

2( )

100   ,   0

                       
1 00    ,0

t t if t

E t
t t if t

π π

π π

+ < <

=
− − < <

		                  (29)

SOLUTION

To solve this non-homogeneous differential equation with periodic 
function, by modified variational iteration method and Fourier series, we 
first represent E(t) by a Fourier series as follows;

( ) ( )800 , 1,2,3,...
3

E t sin kt k
k π

= =

( ) ( )2

800   , 1,3,5,...jE t cos kt k
k π

⇒ = =

Hence equation (29) becomes;

( ) ( ) ( )'' ' '
2

800 10   10     ,  0   1,  0 0I I I cos kt I I
k π

+ + = = = 	            (30)

Now, let apply MVIM and Fourier series;

( ) ( ) ( ) ( )( ) ( ) ( )( )' '
1 1 1

0

       10         10   ,    0
t

n n n n n n sI t I s t I s I s I s I s d n+ − −= + − − + −  >∫    (31)

where, I−1 = 0, I0 = 1 and I1 is obtained from:

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( )' '
1 0 0 1 0 1

0 0
2       10     10     800 cos( )

t t

sI t I s t I s I s I ks I ds
k

t sd s s
π− −= + − − + − − − ∫ ∫        (32)

( ) ( ) ( )( ) ( )1
0 0

'
2

8001 0 (1 0)  1     10    c 10   s ) o (
t tx

sI t s t d s k ds
k

t s
π

 −  
⇔ = + − − + − −∫ ∫

( ) ( ) ( )1
0 0

2  1   10 800 cos( )     x
t t

sI t s t d ks ds
k

s
π

⇔ = + − − −∫ ∫

( ) ( )1
0 0 0

2 2  1  10      800 800cos( ) cos( )
t t t

s ks ds ksI t s t d
k k

s dt s
π π

⇔ = + − +−∫ ∫ ∫

( ) 2 2
1

0
2 2 2

1 1  1  10( ) sin( ))  sin( )
2

800 800 800( ( sin( )
t

s
t tI t kt

k k k
t t kt ks d

k k kπ π π
⇔ − − + += + ∫

( ) 2
1

0
3  1 5 80  sin(0 )

t

sk
I t t ks d

π
⇔ = − + ∫

( ) ( )( )2
1 4

800    1  5      1I t t cos kt
k π

⇔ = − − −  		             (33)

Then, substituting the value of equation (33)in to iteration formula equation 
(31), we can obtain the following approximation:

( ) ( )( )2 
1 4

800   1  5    1  I t t cos kt
k π

= − − −

( ) ' '
2 1 1 0 1 0

0

   ( )[10 ( ) ( ) 10( ( ) ( ))]
t

I t I s t I s I s I s I s ds= + − − + −∫

2 2
4 5 4

0

800 8000 8000 1 5 (cos(kt)-1) ( )[ 100 sin( ) 50 (cos( ) 1)]
t

t s t s ks s ks ds
k k kπ π π

= − − + − − + − − −∫

2 2
4 4 5 4 4

0

800 800 8000 8000 8000 1 5 cos(kt) ( )[ 100 sin( ) 50 cos( ) ]
t

t s t s ks s ks ds
k k k k kπ π π π π

= − − + + − − + − − +∫

2
2 4 3

4 5 4 4

6 5

800(cos(kt)-1) 8000(sin( ) cos( )) 8000(cos( ) 1) 25 50 4000 1 5
6 3

8000(cos( ) 1) 8000sin( )

kt kt kt kt tt t t
k k k k

kt kt
k k

π π π π

π π

− −
= − − + + + + −

−
− +

Where, k = 1, 3, 5, ...Hence, for (k = 1, 3, 5, 7) the graph of I2 is given as 
follows;

CONCLUSION

In this work a formula of modified variational iteration method and Fourier 
series for solving linear and nonlinear non-homogeneous differential 
equations is derived. Particularly the method is derived and applied to 
non-homogeneous differential equation. If the non-homogeneous part of 
the Equation is non continuous periodic function with a period 2π. This 
new approach results is supported by investigating examples that involves 
non-homogeneous differential equations, such as the Steady-state damped 
oscillations and RLC-circuit with their graphs.
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